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ABSTRACT 

The problem of the stability of Poiseuille pipe flow was 

studied numerically. The finite-difference equations which were 

solved are approximations to the nonlinear, axisymmetric, Navier- 

Stokes equations in cylindrical coordinates subject to a stream- 

function perturbation. The disturbance to the stream function 

is of the form A (Rt/2 - Rt/4)sin(A t) which is axisymmetric, 

oscillatory and fixed in space. 
m r 

The resulting solutions show the experimentally observed 

instability of the stream function and vorticity at Reynolds 

numbers of 10,000 and 100,000 for a finite-amplitude disturbance, 

A = 1.0. The experimentally observed stability at a Reynolds m 

number of 1000 and Am = 1.0 was also found. 

of 3000 and Am = 1.0, a neutral stability effect was noted. 

a small-amplitude case, A = 0.1, at a Reynolds number of 100,000, 

the solution represents a damped disturbance which is consistent 

with classical small-amplitude theory. 

At a Reynolds number 

For 

m 
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CHAPTER I. INTRODUCTION 

The  problem of t h e  s t a b i l i t y  of P o i s e u i l l e  p ipe  flow has been 

of i n t e r e s t  s i n c e  it w a s  f i r s t  s tud ied  experimental ly  by Osborne 

Reynolds [14] i n  1880,. For the purpose of  c o r r e l a t i n g  h i s  da ta ,  he 

def ined a parametr ic  grouping, now c a l l e d  t h e  Reynolds number, 

VR R =-, 
e v  

where V i s  a r e fe rence  ve loc i ty ,  R i s  a r e fe rence  length ,  and v 

i s  t h e  kinematic v i s c o s i t y  of t h e  f l u i d .  

The ob jec t  of a l l  a n a l y t i c a l  and experimental approaches t o  

th i s  s t a b i l i t y  problem has been t o  determine the minimum Reynolds 

number a t  which f u l l y  developed laminar flow i n  a p ipe  undergoes 

the t r a n s i t i o n  to '  tu rbulence  a t  some pos i t i on  i n  t h e  flow f i e l d .  

Experimental approaches have usua l ly  shown t h e  t r a n s i t i o n  t o  

turbulence,  b u t  bo th  the minimum value  of the Reynolds number f o r  

t r a n s i t i o n ,  and the maximum value  of t h e  Reynolds number a t  which 

laminar flow could be sus t a ined  have va r i ed  widely among the 

var ious  experiments [ 3 , 8 , 9,14 , 15 , 20 1. Perhaps t h e  m o s t  important 

experimental r e s u l t s  t o  t h i s  inves t iga t ion  are those  presented by 

Kuethe [8] i n  1956 and extended by L e i t e  [9] i n  1958. 
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I n  h i s  experiments with a i r ,  Kuethe found that a t  a Reynolds 

number of 12,000 h i s  d is turbance  generator ,  a frustrum of  a coni- 

cal a i r f o i l  of  nondimensional r a d i u s  0.7, created turbulence  

without o s c i l l a t i o n .  A t  a Reynolds number of  8,000 any amplitude 

of o s c i l l a t i o n  w a s  s u f f i c i e n t  t o  cause turbulence.  But, a t  a 

Reynolds number of 4,000, the  onse t  of  turbulence w a s  a d e f i n i t e  

func t ion  of  the amplitude of the o s c i l l a t i o n  a t  25 Hz. 

L e i t e  changed t h e  d is turbance  generator  i n  t h e  experimental  

apparatus t o  a t h i n  s l eeve  o s c i l l a t i n g  near t h e  w a l l ,  H e  found 

that  f o r  no o s c i l l a t i o n  the flow w a s  laminar up t o  a Reynolds 

number of 20,000. H e  also found tha t  t h e  flow damped s m a l l  

o s c i l l a t i o n s  up t o  a Reynolds number of 13,000, which w a s  t h e  

l i m i t  of  h i s  experiments, I n  add i t ion  it w a s  found tha t  a t  fre- 

quencies above 45 Hz, a l l  d i s turbances  w e r e  damped over a s h o r t  

d i s t ance  from the generator .  

Previous a n a l y t i c a l  t rea tments  of  t h e  s t a b i l i t y  problem 

have no t  been as success fu l  as experimental  approaches. The 

classical approach, first attempted by Sex1 [8] i n  1927, uses  

l i n e a r i z e d  small-per turbat ion techniques , many of  which w e r e  

developed f o r  this and s i m i l a r  problems , 

T h i s  approach begins  w i t h  one of  the nondimensional f o r m s  

of the Navier-Stokes equat ions f o r  incompressible flow, 

e 
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and t h e  equat ion of c o n t i n u i t y  f o r  incompressible flow, 

where is  the vec tor  v e l o c i t y ,  p i s  t h e  pressure ,  R is t h e  

Reynolds number, and V and Va are t h e  app l i cab le  d i f f e r e n t i a l  

ope ra to r s  given by I rv ing  and Mil l ineux [7]. I n  t h e  p re sen t  

method of  ana lys i s ,  one assumes t h a t  any quan t i ty ,  qo, is  given 

e 

by 

where Q is a mean-flow q u a n t i t y  and q i s  a pe r tu rba t ion  quan t i ty .  

Further ,  one assumes that  q i s  given by 

q = G ( r )  exp ( i az  + in0  - i ac t ) ,  (1 -4) 

w h e r e  a (the phase ve loc i ty )  i s  complex, n ( the mode number) i s  

an in t ege r ,  and c (the wave number) i s  real. One then s u b s t i t u t e s  

equation (1.4) i n t o  equation (1.3) and the r e s u l t i n g  expression 

is s u b s t i t u t e d  i n t o  equations (1.1) and ( 1 . 2 ) .  One r e t a i n s  only 

those t e r m s  which are f irst  order  i n  the exponent ia l  funct ion,  

w h i c h  i s  then  divided o u t  of the equations,  t o  ob ta in  [2] ,  

I u inv  i u w + u  + - + - -  - OD r r (1.5.1) 

(1.5.2) 1 1 r  np i a (E  - c ) w  + W'u + i up  = ~ [ w "  + -w - (aa + F ) W ] #  r e 

' 1  1 '  na +I 2 i n  I ,  (1.5.3) r a  w 
Tu(% - c) u + p = -[u'/ + -u - (aa + a ) u  - r r Re 

and 
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where w i s  the main-flow ve loc i ty ,  U, V I  and w are the per turba-  

t i o n  v e l o c i t y  components i n  the r,  8, and z d i r e c t i o n s ,  respec- 

t i v e l y ,  and primes i n d i c a t e  d i f f e r e n t i a t i o n  w i t h  respect t o  the 

radial coordinate, r .  

Af te r  assuming that  n = 0, that  is, the f l o w  i s  axially 

symmetric, the p res su re  p is  e l imina ted  between equat ions (1.5.2) 

and (1.5.3), and t h e  r e s u l t i n g  equation i s  s impl i f i ed  using equa- 

t i o n  (1.5.1) t o  o b t a i n  
- 
W '  
r ia(G - c) (w'  - iau) - -u + W"U = 

W e  next  d e f i n e  a stream function, $, by the equations 

and 

$ 8  
i a  
r 

u = - -  

(1.7.1) 

(1.7.2) 

w h i c h  i d e n t i c a l l y  satisfies the con t inu i ty  equation. Subs t i t u t ion  

of equat ions (1.7) i n t o  equation (1.6) and s i m p l i f i c a t i o n  r e s u l t s  

i n  the Orr-Sommerf i e l d  equat ion for axispmetric P o i s e u i l l e  p ipe  

f l o w ,  
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Since this  is  the equat ion f o r  P o i s e u i l l e  p ipe  flow, 
- w = 1 - r', (1.9) 

- I  I 

and as a consequence o f  equat ion (1.9), t h e  t e r m  iar(: ) Jr i n  equa- 

t i o n  (1.8) vanishes  i d e n t i c a l l y .  

Solu t ions  t o  equat ion (1.8) have gene ra l ly  been obtained by 

assuming va lues  f o r  u and R and so lv ing  f o r  t h e  eigenfunct ions 

Jr and eigenvalues c. Those s o l u t i o n s  f o r  which c i s  zero y i e l d  

the so-called n e u t r a l  s t a b i l i t y  curve as a func t ion  of u and R . 
A l l  of  t h e  au thors  who have attempted s o l u t i o n s  f o r  t h e  zero th  

e 

e 

mode, n = 0, have reached t h e  conclusion that  t h e  d is turbance  i s  

damped [5,13,16,17]. These a n a l y t i c a l  r e s u l t s  are no t  too  sur- 

p r i s i n g  due t o  the experimental  r e s u l t s  of  Kuethe and L e i t e .  

For t h e  first mode, n = 1, the corresponding form of  equa- 

t i o n  (1.8) cannot be derived b u t  both a n a l y t i c a l  and experimental  

approaches t o  t h i s  problem have been attempted, Bhat [3], i n  

1966, experimental ly  obtained i n s t a b i l i t y  for t h i s  mode a t  

Reynolds numbers higher than 2,130 b u t  he does n o t  spec i fy  the 

amplitude of  the d is turbance  he used. Lessen, Sadler  and Liu [ l o ]  

i n  1968 r epor t ed  an accompanying l i n e a r  a n a l y s i s ,  The authors  

found no i n s t a b i l i t y  for Reynolds numbers up t o  30,000. 
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The f a i l u r e  o f  t h i s  a n a l y t i c a l  approach f o r  P o i s e u i l l e  p ipe  

flow c o n t r a s t s  with t h e  success  of  t h e  corresponding approach for 

p lane-Poiseui l le  flow by Thomas [22]  i n  1953, who numerically 

solved the analog of  equat ion (1.8). Thomas' s o l u t i o n  s h o w s  t h e  

experimentally observed i n s t a b i l i t y  o f  p lane-Poiseui l le  flow, 

although the minimum Reynolds number obta ined  w a s  5,000, which 

w a s  t oo  high, It w a s  shown by Meksyn and S t u a r t  [12], S t u a r t  

[19], and Meksyn E l l ]  that  Thomas' r e s u l t s  could be brought more 

i n t o  l i n e  with experimental  r e s u l t s  by including some of t h e  non- 

l i n e a r  t e r m s  of t h e  d i f f e r e n t i a l  equat ions i n  e s t a b l i s h i n g  t h e  
r 

equat ions t o  be solved. I n  the f i n a l  paper of  t h e  sequence, 

Meksyn succeeds i n  reducing the theoretical minimum cr i t ica l  

Reynolds number from 5,000 to  approximately 1,500 as compared 

with t h e  experimental ly  observed value of approximately 1,000. 

Another approach t o  t h e  P o i s e u i l l e  p ipe  f l o w  s t a b i l i t y  prob- 

l e m  has  become p o s s i b l e  with the advent of  large-scale d i g i t a l  

computers. T h i s  approach c o n s i s t s  of  so lv ing  the governing d i f -  

f e r e n t i a l  equat ions (1.1) and (1.2)  i n  the i r  nonl inear  form f o r  

e i t h e r  s m a l l  o r  large amplitude d is turbances  which are imposed 

on the flow f i e l d .  Due t o  l i m i t e d  time and/or l i m i t e d  memory 

ava i ldb le  on the present-generat ion computers, t h i s  approach has 

bee9 restricted t o  t r e a t i n g  t h e  problem i n  t w o  dimensions. 

I n  the case of  p lane-Poiseui l le  flow, th i s  is  no t  a severe  

l i m i t a t i o n  s i n c e  Squi re  [18] i n  1933 w a s  able t o  ob ta in  a 
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coord ina te  t ransformation which reduces the three-dimensional 

eigenvalue problem t o  an equiva len t  two-dimensional problem. It 

should be noted t h a t  t h e r e  is an e f f e c t i v e  v i s c o s i t y  increase  

caused by t h e  t ransformation,  T h e  e f f e c t i v e  v i s c o s i t y  inc rease  

causes t h e  t r a n s i t i o n  Reynolds number f o r  t h e  equiva len t  two- 

dimensional problem t o  be g r e a t e r  than  t h e  t r a n s i t i o n  Reynolds 

number f o r  the untransformed three-dimensional problem. I t  

should a l s o  be noted tha t  use  of  the Squi re  t ransformation g ives  

the eigenvalues b u t  no t  e igenfunct ions of  a three-dimensional 

d i s turbance  by t r e a t i n g  an equiva len t  two-dimensional d i s turbance  [2]. 

This theorem i s  gene ra l ly  taken t o  mean that  the most uns tab le  d i s -  

turbance i s  two-dimensional. Unfortunately,  due t o  t h e  geometry 

of P o i s e u i l l e  p ipe  f l o w ,  no such coord ina te  t ransformation is  

poss ib l e .  Therefore,  it is no t  known a p r i o r i  t h a t  two-dimensional 

d i s turbances  are more uns tab le  than three-dimensional ones. A d m i t -  

t i n g  the p o s s i b i l i t y  of a more uns tab le  three-dimensional d i s t u r -  

bance, we f e e l  that  a s o l u t i o n  t o  t h e  two-dimensional, nonl inear  

problem should show the experimentally observed i n s t a b i l i t y ,  

Due t o  the experimental  r e s u l t s  which have been presented,  it 

w a s  decided t h a t  the d is turbance  should be o s c i l l a t o r y ,  a x i a l l y  

symmetric, of f i n i t e ,  b u t  s m a l l ,  amplitude, and of l o w  frequency. 

The c r i t e r i o n  for i n s t a b i l i t y  w i l l  be taken t o  be the decay of a 

stream funct ion  dis turbance.  I f  t h e  stream funct ion  d is turbance  

does no t  decay with downstream a x i a l  d i s t ance  for a given Reynolds 
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number, then t h e  flow i s  deemed uns tab le .  I f  t h e  dis turbance 

decays with downstream axial d i s t ance  f o r  a given value of t h e  

Reynolds number, then t h e  flow is  taken t o  be stable. 

Therefore,  it is  t h i s  approach t o  t h e  problem of t h e  sta- 

b i l i t y  of P o i s e u i l l e  p ipe  flow which has  been taken i n  t h i s  

work. 



CHAPTER 11. FORMULATION OF PROBLEM 

Since it w a s  decided t o  t reat  the s t a b i l i t y  of P o i s e u i l l e  

p ipe  f l o w  i n  two dimensions, we assume that  the flow is  a x i a l l y  

symmetric; therefore, a l l  de r iva t ives  w i t h  respect t o  the az i -  

muthal coordinate ,  8, i n  equat ions (1.1) and (1.2) are assumed 

t o  be i d e n t i c a l l y  zero.  Fur ther ,  we have assumed tha t  the az i -  

muthal v e l o c i t y  component, V I  i s  i d e n t i c a l l y  zero.  Therefore, 

the forms of equat ions (1.1) and (1.2) w h i c h  we  choose t o  so lve  

are 

U 
+ u 1 8  ”[. + - - -  r u  

t r z ra Z Z  
u + u u  + w u  = 

W 

+ 1, 
t r z - -‘z + R~ rr r zz  

q w  + -  r w + u w  + w w  - 

and U u + - + W  = o .  r r  Z 

(2.1.a) 

(2.1.b) 

(2 . l . c )  

w h e r e  u and w are the v e l o c i t y  components i n  the radial and a x i a l  

d i r ec t ions ,  r e spec t ive ly ,  p is t h e  pressure ,  and Re is  the Reynolds 

number, and subsc r ip t s  denote p a r t i a l  d i f f e r e n t i a t i o n  w i t h  respect 

t o  the ind ica t ed  coordinate .  

The Reynolds number i n  t h i s  case is given by 

W d  R = - .  
e V 
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where W is t h e  space-average v e l o c i t y ,  d is t h e  p ipe  diameter,  and v 

i s  t h e  kinematic  v i s c o s i t y  of the f l u i d .  

The p res su re  i s  e l imina ted  from equat ions (2.1)  by d i f f e ren -  

t i a t i o n  of  equat ion (2 . l .b )  w i t h  r e s p e c t  t o  r and sub t r ac t ing  t h e  

r e s u l t  from equat ion (2 . l . a )  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  z .  

Afte r  de f in ing  t h e  v o r t i c i t y ,  0, by 

Q = u  - w  (2  3)  2 r' 

the r e s u l t  of  t h e  above opera t ion  may be expressed as 

and 

W e  next  de f ine  a stream funct ion ,  Jr, by 

JrZ u = - - ,  
r 

*r 
r '  

w = -  

such tha t  equation ( 2 . 1  .c) i s  i d e n t i c a l l y  s a t i s f i e d .  

Therefore, i n  t e r m s  of the stream funct ion  and v o r t i c i t y ,  

equat ions (2.4) and (2.3) may be w r i t t e n  as 

and 

(2.5.a) 

(2.5.b) 

(2.6.a) 

( 2  . 6 .b) 

Now, w e  make a change of v a r i a b l e s  such that  upper case 

q u a n t i t i e s  refer t o  t h e  main f l o w  w h i l e  l o w e r  case q u a n t i t i e s  
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r e f e r  t o  the secondary flow. Therefore, l e t  

$ ( r , z , t )  = F ( r )  t f ( r , z , t ) ,  

and 

Since F and G are main flow q u a n t i t i e s  f o r  P o i s e u i l l e  p ipe  

flow, they  are given by 

and 

and 

1 1 
2 4 F ( r )  = ra - -r4, 

G ( r )  = 2 r ,  

(2.8.a) 

( 2.8 .b) 

Therefore,  equat ions (2.6) can be w r i t t e n  as 

f r  
f + rl-) = -rg. zz r r  (2.9.b) 

It should be noted tha t  t o  this p o i n t  i n  the development no 

assumption has been made which l i n e a r i z e d  equat ions (2.9);  there-  

fore, the equat ions are s u i t a b l e  f o r  descr ib ing  t h e  behavior of  

the flow for both  large and s m a l l  amplitude dis turbances.  

Boundary Conditions 

Preceding t h e  development of  t h e  boundary condi t ions  f o r  the 

problem, we w i l l  e s t a b l i s h  the f l o w  f i e l d  on which equat ions (2.9) 

w i l l  be solved. T h i s  rec tangular  dimensionless f i e l d  is  shown i n  

Figure 1, w h e r e  the length  L is much g r e a t e r  than 1 and much 

g r e a t e r  than 21. The va lue  of L should be such that  an inc rease  
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'-2 
0 Z1 L 

Figure 1. Flow F i e l d  

i'n L causes no chgnge i n  t h e  s o l u t i o n  obtained. T h e  l i n e  Z = 0 

i s  a r b i t r a r i l y  placed i n  t h e  flow w i t h  the exception t h a t  we 

i n i t i a l l y  assume tha t  f u l l y  developed f l o w  e x i s t s  wi th in  and on 

t h e  boundaries of  the f i e l d  of i n t e r e s t .  The l i n e  r = 1 is  t h e  

w a l l  of t h e  pipe,  while  the l i n e  r = 0 i s  the c e n t e r l i n e  of the 

pipe.  

The boundary condi t ions  appl ied  a t  r = 1 are the normal con- 

d i t i o n s  of no-sl ip  and no f l o w  through a so l id  boundary 

r w = - -  - 0. 
f 

r 

A x i a l  symmetry a t  t h e  cen te r  l i n e ,  r = 0, implies  t h a t  

(2.10.a) 

(2.10 .b) 

f = u  - g r = w  - = o .  r r r (2.10. c) 
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Since the governing d i f f e r e n t i a l  equat ions ( 2  -9) are 

s ingu la r  on the l i n e  r = 0 and we demand that  every quan t i ty  

be bounded on tha t  l i n e ,  we have 

On the l i n e  z = 0 we  have assumed t h a t  f u l l y  developed p ipe  

flow must e x i s t ,  Therefore,  we have 

( 2  . l o  .e. 1) g = 0 on z = 0. 

In  order  t o  make the so lu t ion  as free as poss ib l e  in s t ead  of 

us ing  t h e  condi t ion  t h a t  f = 0, we use  the condi t ion  

f = 0, ( 2  . l o  .e. 2) 
Z 

w h i c h  allows t h e  s t reaml ines  t o  move r a d i a l l y .  

The downstream boundary condi t ions  are somewhat harder  t o  

spec i fy .  Idea l ly ,  they  are s p e c i f i e d  such that  L is  located so 

t h a t  no f u r t h e r  change occurs  i n  t h e  so lu t ion  by increas ing  L. 

W e  have followed the suggest ion of Thomas and Szewczyk E221 of 

using 

f = 0, zz 

and either 

o r  

= 0, gzz 

= 0, 
gZ 

(2.10.f) 

( 2  . 10 .g. 1) 

(2.10 .g .) 2) 

s ince  use of  f = Af and gzz = Bg imply p e r i o d i c i t y  of the flow zz 
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f i e l d  f o r  A and B n o t  equal  t o  zero.  

and either of (2.10.g) do n o t  imply t h e  undesired p e r i o d i c i t y  of 

the f l o w  f i e l d ,  It should be noted t h a t  these condi t ions  are an 

approximation t o  the condi t ion  that  d e r i v a t i v e s  along a stream- 

l i n e  are zero either f o r  L>>18 or for  s t reaml ines  p a r a l l e l  t o  

the Z axis. 

Boundary cond i t ions  (2.10.f) 

Two cons idera t ions  govern t h e  f o r m  o f  the d is turbance  func- 

t i o n  which may be chosen, F i r s t ,  t h e  distuxbance should be 

modeled on a phys ica l ly  r e a l i z a b l e  system. Second, the d i s t u r -  

bance func t ion  should n o t  v i o l a t e  the c o n t i n u i t y  equation. 

d i s turbance  of t h e  f o r m  

A 

(2.11) 

g ives  a d is turbance  t o  the stream funct ion  which i s  q u i t e  s i m i l a r  

t o  t h e  f o r m  of a d is turbance  generated by an i n f i n i t e s i m a l l y  t h i n  

hollow cy l inde r  w h i c h  is o s c i l l a t e d  a x i a l l y  a t  the p o i n t  ( R 1 8 Z l ) 8  

w h e r e  A 

Applicat ion of  equat ion (2.9.b) y i e l d s  t h e  v o r t i c i t y  a t  t h e  po in t  

i s  t h e  amplitude and Ar is  t h e  pe r iod  of the dis turbance.  m 

(2 -12) 

Since we assume t h a t  the dis tuzbance is genera t ing  any devia- 

t i o n  f r o m  t h e  f u l l y  developed f l o w  so lu t ion ,  we  have for i n i t i a l  

condi t ions  



f ( r ,z ,O)  = 0, 

15  

(2.13 .a) 

and 

for 

g(r,z,O) = 0 8  

Osrrl, OSZSL 

(2.13. b) 

Now we t u r n  t o  t h e  de r iva t ion  of  t h e  boundary condi t ion  f o r  

g on t h e  l i n e  r = 1. Equations (2.10) are repea ted  along with 

equation (2.9.b) t o  f a c i l i t a t e  t h e  de r iva t ion ,  

Z 
f 

u = - - = 0, 
r 

L r w = - -  - 0, 
r 

and 

(2 . 10 .a) 

( 2  -10 .b) 

(2.9.b) 

Since r = 1 is a s o l i d  boundary and f = 0 a t  every p o i n t  on 
z 

r = 1, we also have fZz  = 0. Therefore, we s u b s t i t u t e  t h i s  condi- 

t i o n  and equation (2.10.b) i n t o  equation (2.9.b) t o  o b t a i n  

rr g = - -  
r '  

f 
(2.14) 

on t h e  l i n e  r = 1. 

W e  now t u r n  t o  the problem of the consis tency of the boundary 

and i n i t i a l  condi t ions .  From equat ions (2.10.e) we have 

f Z ( O , O , t )  = 0, ( 2 . 15. a) 

f (1 ,0 , t )  = 0 8  ( 2.15 .b) 
Z 
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( 2 . 1 5 . ~ )  

and 

Since  from equat ion (2.10.a) we  have 

f ( l , O , t )  = 0, z 

t he re fo re ,  from equat ions (2.15.b) and (2.15.e) we have 

f ( l , O , t )  = 0, z 

b u t  far upstream of z = 0, f u l l y  developed flow must exis t ;  

t he re fo re ,  we  have 

f ( l , O , t )  = 0. 

From equat ion (2.10 .a) we have 

g(O,z, t )  = 0, 

(2.15 .a) 

(2.15.e) 

(2.15. f )  

(2.16) 

(2.17) 

and from equat ions (2.10.d) and (2.15.a) we have 

f z (O ,z , t )  = 0. (2 .18)  

Since any increase  i n  the va lue  of the stream funct ion  a t  r = 0 

simply implies  an inc rease  i n  t h e  c e n t e r l i n e  ve loc i ty ,  we must 

also have 

f(O,z,t) = 0; (2.19) 

the re fo re ,  th is  is  the condi t ion  w h i c h  we apply. 



CHAPTER 111, ESTABLISHMENT OF FINITE-DIFFERENCE EQUATIONS 

Grid System 

The governing d i f f e r e n t i a l  equat ions are nonl inear  and 

coupled, both i n  t h e  equat ions and through t h e  boundary condi- 

t i o n s .  Since t h e r e  is no known closed-form so lu t ion  t o  systems 

of equat ions of t h i s  type,  the method of so lu t ion  which we used 

w a s  t h e  method of f i n i t e  d i f f e rences .  In  order  t o  apply t h i s  

technique, it is necessary,  first,  t o  introduce a n e t  of g r i d  

po in t s  on t h e  flow f i e l d  of Figure 1 as shown i n  Figure 2. 

i 
1 

r i+ 1 
r i 
r i-1 

0 
0 Z z .  z 

j-1 J j+ l  L 
- Z  

Figure 2. Grid System 

Two a u x i l i a r y  condi t ions  have been imposed on t h e  n e t  of 

g r i d  poin ts ;  these are that one of the g r i d  po in t s  i s  the po in t  

of the distuxbance (R1 ,Zl) and that  some g r i d  l i n e  f a l l s  on each 

boundary of t h e  flow f i e l d .  I n i t i a l l y ,  we d i d  no t  demand that 
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the spacing between t h e  g r i d  l i n e s  be equal  b u t  experimentation 

ind ica t ed  t h a t  equal  spacing yielded a more accura te  so lu t ion .  

The experimentation with t h e  g r i d  spacing showed t h a t  mesh 

spacings of 0.10 and 0.10 i n  t h e  r a d i a l  and a x i a l  d i r e c t i o n s ,  res- 

pec t ive ly ,  w e r e  a reasonable  compromise between accuracy of t h e  

computation and machine s to rage  . 
Since t h e  v a r i a b l e  m e s h  spacing approach has  been r e j ec t ed ,  

the ana lys i s  which fol lows is f o r  an equal ly  spaced g r i d  i n  t h e  

r a d i a l  and a x i a l  d i r e c t i o n s  respec t ive ly .  Therefore,  t h e  coordi-  

na t e s  of a g r i d  po in t  are given by 

r = ( i 4 ) A r  where I s i S I m a x ,  i 

and 

z = (j-1)Az where 1SjSJmax. 
j 

(3.1.a) 

(3.l .b) 

It would be m o r e  general  t o  a l low t h e  t i m e  s t e p  t o  be va r i ab le ,  

so we have 
n 

t = 1 A t t  w h e r e  A t D  = 08 n 

and 

f o r  any C. 

Using d e f i n i t i o n s  (3.1) of t h e  g r i d  system, we have 

n 
= #(r .  z tn) 8 'i, j 1 8  j, 

# ( r , z , t )  = 

( 3 . 1 , ~ )  

(3.l .d) 
/ 

'dbr t h e  value of any funct ion a t  a g r i d  poin t .  
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Fin i te -Dif fe rence  Expressions 

Having established the m e s h  system on w h i c h  the f i n i t e -  

d i f f e r e n c e  equat ions w i l l  be solved, we now t u r n  our a t t e n t i o n  

t o  the d e r i v a t i o n  of  the equat ions.  W e  de f ine  f o r  use i n  t h i s  

de r iva t ion ,  

( 3.2 .b) 

+ Bn ] + o ( A r a ) ,  (3.2.c) 1 
+ r = (my,j)r i-1, j i+l, j 

(3.2.d) 

(3.2.e) 

n w h e r e  H is  the func t ion  of i n t e r e s t  a t  the nth i t e r a t i v e  l e v e l .  

The d i f f e r e n t i a l  equation governing t h e  stream funct ion,  

equat ion (2-9.b) can be w r i t t e n  i n  t h e  following f o r m s ,  

(3.3.a) 1 - -f s rg ,  rr r r %f - f = pkf + f 
ZZ 

and 

( 3.3 ,b) 1 
-F -f = pkf + fZz  + rg8 'kf - frr r r 

by adding the q u a n t i t y  %f t o  both  s i d e s  and f ac to r ing  the/ equa- 

t i o n s  appropr ia te ly ,  W e  now d i f f e r e n c e  equat ions (3.3) t o  ob ta in  
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and 

n+i,k+2 
'kfi, j r 

n+ l ,k+ l  n+ 1 
'kfi, j i g i , j  8 

(3.4.a) 

(3.4 .b) 

w h e r e  t h e  s u p e r s c r i p t s  n and k i n d i c a t e ,  r e spec t ive ly ,  t h e  t i m e  

s t e p  and t h e  i t e r a t i o n  l e v e l  from w h i c h  the va lue  of the func t ion  

f is taken. 

Equations ( 3 . 4 )  can be w r i t t e n  i n  t h e  form 

- n+l ,k+l  + Bifi ,  n+ l  , k + l  n+ 1 I k+ 1 - - Di, j (3 .5 .a)  - ' i f i+ l , j  
n + l  , k + l  

'kfi,  j Aif i-1, j 

and 

- . (3.5.b) n+18k+2 - C . f  n+l,k+2 
3 i , j - l  I i, j 3 i , j + l  - D i , j  

+ B.f  n+i,k+2 - A.f 

w h e r e  the c o e f f i c i e n t s  A, B, and C are func t ions  only o f  the g r i d  

system and the d i f f e r e n c e  ope ra to r s .  The t e r m s  D are func t ions  

only  of t h e  g r i d  system, t h e  v o r t i c i t y ,  g, and t h e  known stream 

funct ion,  f ,  a t  the las t  i t e r a t i o n ,  E i the r  of  equat ions (3.5) 

can be w r i t t e n  i n  the genera l  form 
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where H is a t r i d i a g o n a l  matrix.  Furthermore, due t o  t h e  form of 

the c o e f f i c i e n t s  A, B, and C ,  t h e  mat r ix  H i s  p o s i t i v e  d e f i n i t e .  

The q u a n t i t i e s  p i n  equat ions (3.3),  (3.4),  (3.5) and (3.6) k 

are parameters w h i c h  are added t o  the equat ions t o  inc rease  the 

speed w i t h  w h i c h  convergence t o  t h e  s o l u t i o n  i s  obtained. The 

"best" values  of the p f o r  use i n  equat ions (3.5) are given by 

Varga [23] and Young [24] f o r  a square equal ly  spaced g r i d  f o r  

k 

Laplace 's  equat ion t o  be 

a m + l  
'k = bk) k = 182,--- r m  (3.7) 

w h e r e  a and b a r e  r e s p e c t i v e l y  the maximum and minimum eigenvalues 

of t h e  opera tor  mat r ix  H. Unfortunately,  no a n a l y t i c a l  va lues  of 

p can be obtained f o r  t h e  g r i d  and d i f f e r e n c e  equation which we 
k 

have b u t  B r i l e y ' s  [4] and our experiments i n d i c a t e  that  the values  

of a and b above and a va lue  of m = 5 y i e l d  the greatest conver- 

n 
i8 j 

gence rate i f  the va lues  of f a r e  used as i n i t i a l  approximations 

n+ 1 t o  the va lues  of f i  
8 j '  

W e  now begin t o  d e r i v e  the v o r t i c i t y - t r a n s p o r t  f i n i t e - d i f f e r -  

ence equation. By an appropr i a t e  f ac to r ing ,  equat ion (2.9.a) can 

be w r i t t e n  i n  the following forms: 

1 f 1 1  

Re e 
gt - f (9) - -(-(rg) r r  ) = -(: + l - r a ) g z  + - R g z z 8  z r r  (3.8.a) 

and 
c 

( 3 . 8 .b) 1 1 1  
I 

= f (9) + -(-(r9)r)r- 
Re gzz z r r  gt +(p + 1 - r Z ) g  - - 

Re 



22  

W e  now in t roduce  the f i n i t e - d i f f e r e n c e  ope ra to r s  (3.2) i n t o  

equat ions ( 3 - 8 )  t o  o b t a i n  

1 n+l  1 n+l  L* n + % ( f i , j ) z  

and 

where, as an a u x i l i a r y  condi t ion,  we demand t h a t  

(3.9.b) 

(3.9.c) 

f o r  a l l  n. This a u x i l i a r y  condi t ion  is  necessary f o r  convergence. 

Equations (3.9) can be w r i t t e n  i n  t h e  form 

n ( 3  - 10. a) 1 n+l  n+l n + l  n + l  n+l  n+l n + l  - 
A t  g i 8 j  - A i 8 j  g i -1 , j  + B i 8 j  ' i , j  - ' i , j  g i + l , j  - D i 8 j 8  
- 

n 

and 

- n+l (3.10.b) n+2 n+2 n+2 n+2 1 n+2 n+2 n+2 + - 
A t n  g i 8 j  - A i 8 j  'i, j-1 i, j ' i , j  - 'i, j 9 i , j + l  - D i 8 j 8  
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w h e r e  the c o e f f i c i e n t s  A, B, and C are func t ions  of 

stream funct ion,  nr-l 
fi, j '  

as w e l l  as the gr id  system. 

t h e  unknown 

The t e r m s  D 

n 
are func t ions  of the known stream funct ion ,  f i , j ,  and v o r t i c i t y ,  

'i, j .  

must be t h e  same between the n + 1 and the n + 2 t i m e  steps. W e  

have t r e a t e d  the t i m e  s t e p  as a parameter w h i c h  may be s e l e c t e d  

s u b j e c t  t o  the r e s t r i c t i o n  equat ion (3.9.c) i n  order  t o  improve 

the convergence of  the i t e r a t i v e  procedure which must be used t o  

so lve  the d i f f e r e n c e  equat ions (3.5) and (3.10) . 
Boundary Condition Representat ion 

n The time step, A t n ,  must be much less than one, and it 

Since we have der ived  the d i f f e r e n c e  approximations t o  t h e  

d i f f e r e n t i a l  equat ions,  we w i l l  now de r ive  the d i f f e r e n c e  approxi- 

mations t o  t h e  boundary condi t ions .  The f i n i t e - d i f f e r e n c e  opera tor  

w h i c h  approximates the f i r s t  d e r i v a t i v e  i n  t e r m s  of the coord ina tes  

of the gr id  p o i n t s  is  [l] 

w h e r e  x i s  the p o i n t  a t  

t h  
the func t ion  a t  the k 

L; (x) = 

(3.11 .a) 

w h i c h  @ '  is  evaluated,  (Pk i s  the value of 

g r id  p o i n t ,  and 

(3.11.b) 

w h e r e  n;l (x) is  the normal product  n o t a t i o n  and T T ~  (xk) has the 

zero f a c t o r  d e l e t e d  f r o m  the product.  



24 

The second d e r i v a t i v e  opera tor  i s  

Tz. 

where 

"fc = L L ( x - 5 )  (x-x.) (x-xm)n; (x) 
j = O  m=O 7 

( 3 . 1 1 . ~ )  

( 3  . l l .d )  

w h e r e  a l l  the symbols are the same as those  for @' (x)  . I n  the 

ope ra to r s  (3.11.a) and ( 3 . 1 1 . ~ )  a l l  s u b s c r i p t s  are r e l a t i v e  t o  

ad jacent  g r i d  p o i n t s  i n  t h e  x d i r e c t i o n ,  t h e r e f o r e  they  are v a l i d  

f o r  p a r t i a l  d e r i v a t i v e s  a t  any n ad jacent  g r i d  po in t s ,  which are 

no t  n e c e s s a r i l y  equa l ly  spaced. 

S ince  we have def ined  t h e  ope ra to r s  w h i c h  we w i l l  need, we 

now de r ive  t h e  f i n i t e - d i f f e r e n c e  forms of the boundary condi t ions .  

On t h e  l i n e  r = 0 (i = 1) we have from equat ions (2.17) and (2.19) 

n 
= 0, ( 3  -12 .a) 

f18 j  

and 

(3.12 .b) 

r e s p e c t i v e l y  f o r  a l l  j and n. On t h e  l i n e  r = 1 (i = Imax) we  

have from equat ions (2.10.b) , (2.14) and (2.16) t h e  condi t ions  

that  

f n  = 0, Imax, j ( 3  -13 .a) 

(3  -13 .b) 
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and 

1 

Imax ‘I (r Imax 
- -  n 

r ’Imax, j 
(3.13 .c) 

w h e r e  t h e  operators are def ined  i n  equat ions (3.11-a) and ( 3 . 1 1 . ~ ) .  

Equation (3.13.a) i s  used f o r  t h e  stream funct ion  a t  i = I m a x ,  

Then equation (3-13.c) i s  used t o  f i n d  the va lue  of the v o r t i c i t y .  

The va lue  of  t h e  ind ices  f o r  t h e  gr id  p o i n t s  i n  t h e  r d i r e c t i o n  

i s  I m a x  - 4 5 i 5 Imax +- 1. This range of  g r id  p o i n t s  w a s  used 

s i n c e  it w a s  found t o  y i e l d  more accu ra t e  r e s u l t s  when equation 

(3.13.b) w a s  used t o  e l imina te  t h e  stream funct ion  value a t  

Imax + 1, 
From equat ions (2.10.e) we  have f o r  t h e  l i n e  z = 0 (j=1) 

f’(Z=O) = 0, (3  14. a) 

and 

n 
’i, 1 = 0. ( 3  14.b) 

A t  t h e  p o i n t  (R1 , Z,) we have from equat ions (2.11) and (2  -12)  

fR1 n I z, = (% - 3)(Amsin 4 A r t n ) ,  ( 3  -15 .a) 

and 

On the downstream boundary z = L ( j  = J m a x )  we have from 

(2.10.f) and (2.10.g) us ing  equat ions (3.11.a) and ( 3 . 1 1 . ~ )  t h a t  



and e i t h e r  

or 

f "  ( 2 )  = 0, 

g" (2) = 0, 

g '  ( z )  = 0 .  
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(3  e 16 .a) 

(3  -16.b.l) 

(3 -16 .b. 2) 

I n  equat ions (3.16) the j has the range Jmax - 4 S j S Jmax. T h i s  

range of j values  i s  used t o  avoid using func t ion  values  a t  p o i n t s  

l oca t ed  o u t s i d e  t h e  flow f i e l d .  

The i n i t i a l  condi t ions  are given from equat ions (2 .12)  and 

(2.13) as 

and 

0 = 0 ,  fi, j 

0 
= 0. 'i, j 

T h i s  completes the def in , t ion of the f i n  te-d 

(3.17.a) 

( 3  -17 .b) 

f fe rence  approxima- 

t i o n s  t o  the boundary and i n i t i a l  condi t ions .  

Solu t ion  of Fini te-Difference Equations 

The d i f f e r e n c e  equat ions (3.5) and (3.10) are w r i t t e n  t o  be 

solved using an adapta t ion  of  the Implicit-Alternating-Direction- 

Method (I-A-D) s u b j e c t  t o  t h e  condi t ions  (3.12) through (3 -16) e 

The I-A-D Method which we use i n  so lv ing  t h i s  problem is an adapta- 

t i o n  of  the methods developed by Young [23] and V a r g a  [24]. 

Since our  d i f f e r e n c e  equat ions are no t  approximations t o  the 

Laplacian d i f f e r e n t i a l  equation, and our g r i d  is not  equal ly  
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spaced on a square region,  we do n o t  know a p r i o r i  that  the I-A-D 

Method i s  either convergent or stable as app l i ed  t o  th i s  problem. 

Since the I-A-D Method has proven numerically t o  be both stable 

and convergent on e i t h e r  s i m i l a r  equat ions or  s i m i l a r  g r i d s  

[4,6,21], we proceed c a v a l i e r l y  on the assumption that  we w i l l  be 

equal ly  fo r tuna te ,  

Of a l l  the pub l i ca t ions  i n  th i s  area, t h e  m o s t  c l o s e l y  a l l ied  

work i s  t h a t  by Dixon [6] who treated both t h e  s t a b i l i t y  of 

P o i s e u i l l e  flow and p lane  P o i s e u i l l e  flow, H i s  r e s u l t s  i n  the 

case of  p lane  P o i s e u i l l e  flow s h o w  the experimentally observed 

i n s t a b i l i t y ;  b u t  i n  t h e  case of P o i s e u i l l e  flow he has  shown only 

that  a d is turbance  imposed on t h e  f i e l d  uniformly on a r a d i u s  is 

amplif ied a t  a Reynolds' number of 100,000. A t  a Reynolds' number 

of 10,000 the r e s u l t s  of h i s  c a l c u l a t i o n  s h o w  that  the d is turbance  

may either be amplifying o r  decaying, A t  a Reynolds' number of 

1000 h i s  s o l u t i o n  s h o w s  the experimental ly  observed decay of t h e  

dis turbance.  H i s  c a l c u l a t i o n  procedure w a s  t o  use  the I m p l i c i t -  

Alternating-Direction-Method f o r  s o l u t i o n  of t h e  v o r t i c i t y  t r ans -  

p o r t  equat ion and Successive-Over-Relaxation for s o l u t i o n  of the 

stream funct ion  equat ion,  H e  ob ta ined  stream funct ion  values  

only  a t  every odd t i m e  step, H e  also used t h e  downstream bound- 

a r y  condi t ions  which in t roduce  p e r i o d i c i t y  i n t o  the flow f i e l d .  

S t i l l ,  on the w h o l e ,  h i s  r e s u l t s  seem t o  be v a l i d .  Our ca lcu la-  

t i o n  procedure, dis turbance,  and downstream boundary condi t ions  
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d i f f e r  considerably f r o m  those  used by Dixon. 

Before e x p l i c i t l y  expla in ing  t h e  c a l c u l a t i o n  procedure, we 

set forward the convergence tests t h a t  are appl ied ,  For t h e  

stream funct ion  we used 

I ,  (3 .18 )  
n, &,k+2m-1 
i, j 

ne'*k I 4 e max I f n, &,k+2m 

I f i , j  - f i , j  fi, j 

w h e r e  m i s  t h e  number of p values  used i n  the i t e r a t i v e  procedure 

and k is  the  stream-function i t e r a t i v e  counter .  W e  chose E such 

that  cf 2 1.0 x 

f 

T h e  tests used for convergence of the vorticity are 

( 3  -19 .a) n &  n, &l n @ &  I s e max 1 gi:j I i # Imax, 
g i  i , j  I g i , j  - g i , j  

and 

(3.19.b) 

where & is  t h e  v o r t i c i t y  i t e r a t i o n  counter.  Equation (3J9.a) w a s  

used w h e r e  i < Imax and equat ion (3.19-b) w a s  used when i = I m a x ,  

W e  demanded t h a t  E = 2 8  , and that  G 2 G a t  a l l  i t e r a t i o n s ,  f gb g i  g i  

The v o r t i c i t y  and stream funct ion  c a l c u l a t i o n s  are stopped 

when 

T > 20, (3.20) 
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w h e r e  T i s  the real  t i m e ,  o r  when a s o l u t i o n  p a t t e r n  w a s  estab- 

l i s h e d .  

To expla in  the a c t u a l  I-A-D Method w h i c h  w a s  employed we  

w i l l  trace 

n +- 2 t i m e  

t i c i t y  and 

S tep  1: 

S tep  2: 
, 

Step  3: 

S t ep  4: 

S t ep  5: 

S t ep  6: 

the c a l c u l a t i o n  procedure from the n t i m e  s tep t o  the 

step. The i t e r a t ion  counters  used are 6 for the vor- 

k for the stream funct ion ,  

n 
i 8 j  

Ca lcu la t e  D us ing  the r i g h t  hand s i d e  of equat ion 

n 
i, j '  (3.9.a) and the values  of  f n  and g 

i, j 

Ca lcu la t e  gn+18 ' using equat ion (3.10 .a) and the 
l 8  7 
n + l ,  6-1 n va lues  of  f and Di 
i8 j 8 j .  

Ca lcu la te  f n+1868k+1 using equat ion (3.5.a) and t h e  

va lues  gn+'18 ' and f 

Calcu la te  f i  us ing equat ion (3.5.b) and the 

va lues  g n+18 ' and f 

i8 j 

n+l ,  8,k 
1,7 i8 j 

n+186,k+2 
8 j  

n+l,  6,k+l 
iv j iv j 

If k is d i v i s i b l e  by 2m, then apply the test  i n  equa- 

t i o n  (3J8). I f  the t e s t  is  passed, proceed t o  step 6 ,  

O t h e r w i s e ,  update k by 2 and repeat steps 3, 4 and 5. 

I f  6 is  greater than 1, apply the tests i n  equat ions 

( U 9 ) .  I f  the tests are passed, proceed t o  step 7. 

O t h e r w i s e ,  update 6 by 1 and repeat steps 2 through 6. 
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Step  7: Output the r e s u l t s  of t h e  c a l c u l a t i o n s .  I f  t h e  t es t  

i n  equat ion (3.20) is  passed or a s o l u t i o n  p a t t e r n  has  

been e s t ab l i shed ,  ha l t  the c a l c u l a t i o n .  Otherwise, 
.1 

update n by 1 and proceed t o  s t e p  8 o r  s t e p  1, depend- 

ing  r e s p e c t i v e l y  on whether s t e p  2 or s t e p  9 w a s  I n  

use  f o r  the t i m e  s t e p  being processed. 

S t ep  8: Ca lcu la t e  D n+l using t h e  r i g h t  hand s i d e  of  equation 
it j 

n + l  
it j' (3.9.b) and the va lues  of  f n+l and g 

Ca lcu la t e  gn'2'' us ing equat ion (3.10.b) and t h e  

i8 j 

Step  9: 
3 

n+l  
8 j* 

values  of f n+2Rt-1 and Di 

S tep  10: Replace s t e p  2 w i t h  s t e p  9 and proceed t o  s t e p  3. 

I n  s t e p s  2 and 9 it w i l l  be noted tha t  for 4, = 1 on any t i m e  

l e v e l  no t r u e  values  of f n+18'-1 e x i s t ,  t h e r e f o r e  the values  of  
i8 j 

n n+l ,  &,k w e r e  used. These values  of  f n  w e r e  also used f o r  f 
fi, j it j it j 

when k = 1. The only o the r  s p e c i a l  cases occur for n = 1 i n  w h i c h  

and fy ,  j. I n  the 0 case the i n i t i a l  condi t ions  are used f o r  g 

above c a l c u l a t i o n  procedure the boundary condi t ions  ( 3  -12) through 

i R  j 

(3.16) are appl ied  i n  steps 2,  3, 4 and 9 w i t h  the values  of  t h e  

ind ices  ind ica t ed  i n  the s t e p .  

W e  have now def ined  the f i n i t e - d i f f e r e n c e  equat ions and 

expxhined the c a l c u l a t i n g  and t e s t i n g  procedures, so we  move on 

t o  t h e  d i sp lay  of  the r e s u l t s .  



CHAPTER IV. RESULTS 

A computer program w a s  w r i t t e n  and run on the S c i e n t i f i c  

D a t a  Systems Sigma 7 Computer a t  the Univers i ty  of Houston, T h i s  

program performed the I-A-D ca l cu la t ions  necessary t o  so lve  the 

d i f f e rence  equat ions ( 3 , 5) and (3.9) under the so lu t ion  sequence 

s t e p s  1-10 l i s t e d  i n  Chapter 111. The so lu t ion  w a s  c a r r i e d  o u t  

w i t h  a basic time s t e p  of 0.02, 

Prel iminary runs ind ica t ed  tha t  both  nonuniform g r i d s  i n  the 

r and z d i r e c t i o n s  and gr ids .  wi th  A r  # Az y ie lded  a numerical in-  

s t a b i l i t y .  (See Appendix B f o r  a complete d iscuss ion  of  the 

numerical e r r o r s  a s soc ia t ed  with the nonuniform g r i d  system.) 

Therefore,  the r e s u l t s  presented  he re  w e r e  ca l cu la t ed  with 

A r  = Az = 0.10, It w a s  a l s o  found t h a t ,  f o r  the same e r r o r  cri-  

teria,  us ing  double-precision arithmetic improved the convergence 

and c u t  t h e  t o t a l  computation t ime f o r  each t i m e  step. The program 

w a s  set  up t o  so lve  the d i f f e rence  equat ions on a flow f i e l d  of 

dimensions 1 by 11 t o  25  r a d i i  i n  the radial  and a x i a l  d i r e c t i o n s  

r e spec t ive ly  , 

The program s e l e c t e d  the l eng th  of the flow f i e l d  above 11 

r a d i i  by t e s t i n g  a l l  va lues  one r ad ius  upstream of  t h e  downstream 

boundary, I f  one va lue  w a s  g r e a t e r  than loe7 ,  the flow f i e l d  w a s  

increased  i n  l eng th  by one rad ius .  The maximum leng th  of  the flow 

f i e l d  found t o  be necessary w a s  14 r a d i i ,  Since the computer- 

p l o t t i n g  rou t ines  are f o r  even increments, the p l o t t e d  flow f i e l d  
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is  12 r a d i i  i n  length.  

changes i n  the va r i ab le s ,  

This is s u f f i c i e n t  t o  show a l l  s i g n i f i c a n t  

As f u r t h e r  pre l iminary  checks, the boundary and i n i t i a l  con- 

d i t i o n s  w e r e  changed t o  those  of P o i s e u i l l e  p ipe  flow and th i s  

so lu t ion  w a s  ca l cu la t ed  for 10 t i m e  s teps .  The r e s u l t i n g  so lu t ion  

w a s  maintained a t  i t s  c o r r e c t  va lue  f o r  a Reynolds number of  1000. 

Short runs  w e r e  a l s o  made f o r  the main flow case w i t h  an analogous 

d is turbance  t o  the one f o r  the pe r tu rba t ion  flow, These r e s u l t s  

are q u a l i t a t i v e l y  s i m i l a r  t o  t h e  r e s u l t s  ob ta ined  f o r  the per turba-  

t i o n  flow so we  use  the pe r tu rba t ion  flow so lu t ion  s i n c e  it i s  

numerically more accura te ,  

The Reynolds numbers f o r  which t h e  so lu t ion  was  ca l cu la t ed  

are the following: A t  an amplitude A equal t o  1.0, the Reynolds 

numbers w e r e  1000, 3000, 10,000 and 100,0001 w h i l e  a t  an amplitude 

of 0.1, the only  Reynolds number w a s  lOO,OOO. The values  w e r e  

s e l e c t e d  because the so lu t ion  a t  a Reynolds number of 1000 should 

be uncondi t iona l ly  stable, The so lu t ion  a t  a Reynolds number of 

100,000 should be uns t ab le  a t  an amplitude of  1.0 and poss ib ly  

stable a t  an amplitude of 0.1, A l l  runs w e r e  made with A equal 

t o  7~ w h i c h  is  wi th in  the experimental ly  uns t ab le  range ind ica t ed  

by Kuethe (1956) and Leite (1959) . So, these runs  provide a com- 

par i son  upon w h i c h  t o  decide w h e t h e r  the so lu t ions  a t  Reynolds 

numbers of 3000 and 10,000 w e r e  stable o r  unstable .  Unfortunately,  

s i n c e  the t i m e  s t e p  is  v a r i a b l e  and so lu t ions  w e r e  saved f o r  p l o t t i n g  

m 

r 
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a t  every. f i f t h  t i m e  s t e p ,  the t i m e s  a t  which s o l u t i o n s  are ava i l -  

able are no t  always d i r e c t l y  comparable. Nevertheless ,  the solu- 

t i o n s  presented  w e r e  selected as close together i n  time as poss ib le .  

A l l  r e s u l t s  presented  r e p r e s e n t  f r o m  5 t o  6% hours  of computing 

t i m e  each. 

Summary plots,  Figures  3 and 4, are presented  (for a l l  Reynolds 

numbers) which s h o w  how the m a x i m u m  va lues  of both the d is turbance  

stream funct ion  (F) and d is turbance  v o r t i c i t y  (G) behave as t h e  

flow moves downstream w i t h  t i m e .  Only t h e  f irst  d is turbance  i s  

shown i n  each p l o t  s i n c e  subsequent d i s turbances  have s i m i l a r  t r ends  

i n  t h e  maximum values.  O t h e r  p l o t s  presented  are f o r  d i s turbance  

v o r t i c i t y  and d is turbance  stream funct ion  versus  a x i a l  p o s i t i o n  ( z )  

for a given r ad ius ,  t i m e  and Reynolds number. T h e  p l o t s  w h i c h  we 

p re sen t  are f o r  nondimensional r a d i i  of 0.4, 0.6, and 0.8 as these 

w e r e  f e l t  t o  be gene ra l ly  r e p r e s e n t a t i v e  of the s o l u t i o n s  obta ined  

s i n c e  0.6 is the r ad ius  of t h e  d is turbance  and 0.4 and 0.8 are 

equa l ly  spaced on either s i d e  of the dis turbance.  Plots  are shown 

a t  r e p r e s e n t a t i v e  t i m e s  f o r  each Reynolds number; however, r e s u l t s  

are n o t  shown for a l l  r a d i a l  values  a t  every t i m e  for w h i c h  p l o t s  

are given. A s  a pre l iminary  screening device,  a p r i n t e r  contour 

p l o t  w a s  made o f  a l l  r e s u l t s  which w e r e  r e t a i n e d  f o r  u l t ima te  pre- 

s en ta t ion .  These contour p lo ts  i n d i c a t e  that  the rad i i  s e l e c t e d  

do n o t  always conta in  the m a x i m u m  va lue  of  the v o r t i c i t y  or stream 

funct ion  s o l u t i o n  a t  the t i m e  s tep .  The  p l o t s  i n  Figures  5-20 are 



34 

a l l  scaled on the maximum value f o r  each Reynolds number for 

the time step being p l o t t e d ,  

Prel iminary runs ind ica t ed  that  our downstream boundary con- 

d i t i o n s  had l i t t l e  or no effect on the s o l u t i o n  b u t  tha t  the con- 

d i t i o n  g = 0 (B.C.l)  seemed s l i g h t l y  preferab le .  Therefore, a l l  

r e s u l t s  presented are for t h i s  condi t ion.  

z 

Figure 3, the summary stream funct ion p l o t s  f o r  a l l  Reynolds 

numbers, shows how t h e  maximum value  of t h e  d is turbance  stream 

funct ion  behaves as the d is turbance  i s  c a r r i e d  downstream, For a 

Reynolds number of 1000 and an amplitude (A,) of 1.0, Figure 3a, 

the maximum value of  the d is turbance  stream funct ion takes  on a 

maximum value of 0.22 and then i s  observed t o  decrease as the 

d is turbance  moves downstream. T h i s  r e s u l t  is  c o n s i s t e n t  w i t h  w h a t  

is expected s i n c e  flows a t  a Reynolds nuniber of 1000 are inhe ren t ly  

stable and a l l  dis turbances must decay w i t h  t i m e ,  A t  a Reynolds 

nurriber of 3000 and an amplitude of 1.0, Figure 3b, the maximum 

value of the d is turbance  stream funct ion  increases  t o  0.238 de- 

creases t o  0.17 and then l e v e l s  o f f  a t  0.175. The c a l c u l a t i o n  a t  

th i s  Reynolds number d i d  not  decay w i t h  d i s t ance  as t h e  d is turbance  

moved downstream, b u t  n e i t h e r  d i d  it amplify. Therefore, we con- 

sider t h i s  case to  be n e u t r a l l y  stable, 

For an amplitude of  1.0 and a Reynolds number of  lO,OOO, 

Figure 3c, the max imum va lue  of the stream funct ion  d is turbance  

increased t o  a va lue  of 0.23, decreased t o  0.17 and then began t o  
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climb slowly, reaching a va lue  of  0.18 a t  an axial  l eng th  of 5.8. . 

The c a l c u l a t i o n s  for the next  t i m e  s t e p ,  a t  a t i m e  of 4-18, d i d  

no t  converge f o r  t h i s  run  a t  a Reynolds number of lO,OOO, Various 

methods ( inc luding  decreasing t h e  t i m e  s t e p )  w e r e  attempted i n  

o rde r  t o  o b t a i n  convergence b u t  t h e s e  at tempts  m e t  w i t h  no success.  

The nonconvergence of the s o l u t i o n  w a s  a t t r i b u t e d  to  i n s t a b i l i t y  

of  the flow, Therefore, a t  a Reynolds number of  10,000 and an 

amplitude of l o o ,  the flow is  considered uns t ab le  because of  t h e  

increase  w i t h  a x i a l  d i s t a n c e  of  the maximum value  of the d is turbance  

stream funct ion  and subsequent f a i l u r e  of t h e  s o l u t i o n  t o  converge, 

Two amplitudes w e r e  considered a t  a Reynolds number of  100,000. 

Figure 3d d e p i c t s  the behavior of the maximum value  of the d i s t u r -  

bance stream funct ion  for an amplitude of  0.1 which could be taken 

t o  be a small-amplitude dis turbance.  The d is turbance  stream funct ion  

maxima increased  t o  about 0.024 j u s t  downstream of  the p o i n t  o f  

a p p l i c a t i o n  o f  the d is turbance  and then c o n t i n u a l l y  decreased as 

f a r  as the c a l c u l a t i o n  w a s  carried. Since t h e  d is turbance  stream 

funct ion  is  decaying f o r  t h i s  example, we consider  t h i s  f l o w  t o  be 

stable, This r e s u l t  i s  c o n s i s t e n t  w i t h  other small-amplitude 

i n v e s t i g a t i o n s  i n  that  P o i s e u i l l e  p ipe  flow s e e m s  t o  be stable 

t o  small-amplitude d is turbances  a t  a l l  Reynolds numbers, i r e r ,  

Davey and Drazin (1969). The c a l c u l a t i o n  for the amplitude of  1.0 

a t  t h i s  Reynolds number, Figure le, produced a r e s u l t  a l m o s t  
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i d e n t i c a l  with t h e  c a l c u l a t i o n  a t  a Reynolds number of  10,000 

w i t h  the same dis turbance  amplitude. Thus, we consider  the s m a l l -  

amplitude d i s tu rbance  flow t o  be stable and the large-amplitude 

d is turbance  (A = 1.0) flow t o  be unstable .  m 

The dis turbance  v o r t i c i t y  p l o t s  shown i n  Figure 4, f o r  the 

same ca lcu la t ions  as depic ted  i n  Figure 3, have t h e  same qua l i t a -  

t i v e  behavior as the d is turbance  stream-function p l o t s .  Therefore,  

t h e  same conclusions can be drawn s o l e l y  from t h e  d is turbance  

v o r t i c i t y  p lo t s .  

Comparison of the p l o t s  of t h e  stream funct ion  and v o r t i c i t y  

a t  an approximate t i m e  o f  0.5 and a r ad ius  of  0.6, Figures  5 and 

6, show that the m a x i m u m  va lues  appear on the rad ius  of the d i s t u r -  

bance f o r  a l l  Reynolds numbers considered. The jagged behavior 

of both  the stream funct ion  and v o r t i c i t y  upstream of t h e  d i s t u r -  

bance s e e m s  due t o  damping of a d is turbance  wave moving upstream 

and counter t o  the main flow. 

A t  a t i m e  of approximately 1.5 and a r a d i a l  va lue  of 0,6, 

Figures  7 and 8, the maximum v o r t i c i t y  is  a t  the po in t  of the 

d is turbance  as it w a s  a t  earlier ca l cu la t ion  t i m e s ,  T h e  m a x i m u m  

va lue  of  t h e  stream funct ion  f o r  d i s turbance  amplitude 1,0 a t  a l l  

Reynolds numbers is seen t o  l i e  on the d is turbance  r ad ius  and 

a t  the downstream peak of  the dis turbance,  For the d is turbance  

amplitude 0.1, the maximum value  is  a t  the upstream peak. It 
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is a l s o  observed t h a t  t h e  f i rs t  peak of t h e  d is turbance  has moved 

approximately one r a d i u s  downstream, 

A t  a t i m e  of approximately 2-58 Figures  7-12, p lo ts  are given 

for a l l  three nondimensional r a d i a l  values ,  0.4, 0.6 and 0.8, a t  

each Reynolds number, Figure 9 shows t h e  d is turbance  stream 

funct ion  a t  a r a d i u s  of 0.4 while  Figure 11 shows t h e  d is turbance  

stream funct ion  a t  a r a d i a l  va lue  of 0.8. Both f i g u r e s  i l l u s t r a t e  

the progression of  the d is turbance  wave downstream a t  equal  dis- 

tances  on either side of  the d is turbance  r a d i u s ,  Figure 10 shows  

t h e  d is turbance  stream funct ion  f o r  t h e  r a d i a l  va lue  of  0.6 ( t h e  

d is turbance  r a d i u s ) ,  This f i g u r e  i n d i c a t e s  that  the d is turbance  

i s  damped a t  the Reynolds nuniber of  1000 and a l s o  f o r  the Reynolds 

number of 100,000 a t  a d is turbance  amplitude of  0.1. Also ind i -  

ca t ed  i n  Figure 10 is  the f a i l u r e  of t h e  d is turbance  stream funct ion  

t o  decrease i n  value f o r  Reynolds numbers of 3000,  lO,OOO and 1OO,OOO 

as t h e  d is turbance  progresses  downstream. 

T h e  d i s turbance  v o r t i c i t y  p l o t s  a t  a t i m e  of approximately 2.5 

f o r  each of  the radial va lues  0,4, 0.6 and 0.8 are contained i n  

Figures  12-14. Study of these v o r t i c i t y  p l o t s  shows that the 

same observa t ions  can be made about d i s turbance  stream funct ion,  

Another p o i n t  t o  no te  i n  Figures  9-11 i s  that  t h e  d is turbance  

stream funct ion  is  a maximum a t  a radial va lue  of 0-8 and that the 

downstream peak has moved t o w a r d  the c e n t e r l i n e  of the cases con- 

s i d e r e d  except  a t  a Reynolds number of  100,000 and a d is turbance  
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amplitude of 0.1 f o r  w h i c h  the maximum dis turbance  stream funct ion  

va lue  remained a t  the d is turbance  r ad ius  of  0.6. 

Figures  15  and 16 d e p i c t  the behavior o f  the d is turbance  

q u a n t i t i e s  a t  a t i m e  of approximately 3.5 and a r a d i a l  va lue  of 

0.6. The r e s u l t s  i n  Figures  1 5  and 16 bear a s i m i l a r i t y  t o  those  

i n  Figures  10 and 1 3  ( a t  a t i m e  of 2.5). Again, it is noted tha t  

the va lues  a t  Reynolds numbers o f  1000 and lOO,OOO (the la t ter  

a t  an amplitude of 0.1) are decreasing with downstream dis tance ,  

w h i l e  for Reynolds nunibers of 1O,OOO and lOO,OOO ( a t  A = 1.0) 8 

t h e  d is turbance  q u a n t i t i e s  a r e . i n c r e a s i n g  with downstream dis tance .  

A t  a Reynolds nurciber of 30008 no change i n  d is turbance  stream 

funct ion  or d is turbance  v o r t i c i t y  i s  noted w i t h  increas ing  down- 

stream dis tance .  

m 

Another p o i n t  of i n t e r e s t  i n  Figures  1 5  and 16 i s  the marked 

decrease i n  the f i r s t  nega t ive  peak of the stream funct ion  f o r  

t h e  higher  amplitude (Am = 1.0) cases. 

(Am = 0.1) case, the f i r s t  negat ive peak is g r e a t e r  than the first 

p o s i t i v e  peak. N o t e  should also be taken of  the s t rong  p a t t e r n  

resemblance of the stream-function p l o t s  a t  Reynolds numbers of 

3000, lO,OOO and 100,000 (Am = 1.0). 

s i m i l a r  f r o m  those  a t  Reynolds numbers of  1000 and 100,000 

‘Am 

For the low-amplitude 

These p a t t e r n s  are dis- 

= 0.1). A s i m i l a r  p a t t e r n  resemblance i s  seen i n  the v o r t i c i t y  

plots . 
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A t  a t i m e  of  4.0 and a t  a r a d i a l  va lue  of 0.6, Figures  1 7  

and 18, r e s u l t s  are given for all examples except  one, The  example 

for w h i c h  no r e s u l t s  are given i n  this case i s  a t  a Reynolds number 

of lOO,OOO and an amplitude of  1.0. As mentioned earlier,  the 

s o l u t i o n  for th i s  example f a i l e d  t o  converge, Several  c o r r e c t i v e  

procedures w e r e  attempted, i.e.8 smaller t i m e  s t e p s  and f i n e r ,  

m o r e  time-consuming f i n i t e  d i f fe renc ing ,  t o  o b t a i n  convergence a t  

t h i s  c a l c u l a t i o n  time, b u t  t o  no ava i l .  W e  a t t r i b u t e  the f a i l u r e  

t o  converge f o r  this  one case t o  i n s t a b i l i t y  of t h e  flow. 

I n  Figure 17 ,  the d is turbance  stream funct ion  is  shown t o  be 

decreasing with downstream d i s t ance  a t  Reynolds numbers of 1000 

and lOO,OOO, t h e  l a t te r  of  w h i c h  i s  f o r  an amplitude of  0.1. For 

Reynolds numbers of 3000 and 10,000, the d is turbance  stream funct ion 

i s  inc reas ing  with downstream dis tance.  Figure 18, the d is turbance  

v o r t i c i t y ,  follows the t r e n d  as discussed f o r  the d is turbance  

stream funct ion  a t  t h i s  t i m e  and r a d i a l  d i s t ance ,  

The p a t t e r n  resemblance f irst  noted i n  Figures  15  and 16 

has i n t e n s i f i e d  i n  Figures  17  and 18. 

The far  downstream regions  of the stream funct ion  f o r  Reynolds 

numbers o f  3000 and 10,000 are now q u i t e  s i m i l a r  and are markedly 

dissimilar f r o m  the same region  a t  1000. I n  t h e  immediate down- 

stream v i c i n i t y  of  the dis turbance,  p l o t s  for Reynolds numbers 

of 1000 and 3000 are s i m i l a r  b u t  d i f f e r e n t  f r o m  that  a t  lO,OOO. 

The p l o t s  for a Reynolds number o f  100,000 (Am = 0.1) is no t  
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similar t o  any of t h e  other p l o t s .  Similar p a t t e r n  comparison 

can be made for the v o r t i c i t y  p l o t s .  

Figures  1 9  and 20, t h e  l a s t  f i g u r e s  presented  i n  the ca lcu la-  

t i o n  procedure, d e p i c t  the s o l u t i o n  a t  a t i m e  o f  approximately 

4.5 and a r a d i u s  o f  0.6. For t h e s e  condi t ions  t h e  s o l u t i o n  a t  a 

Reynolds number of lO,OOO and an amplitude o f  1.0 f a i l e d  t o  con- 

verge despite s e v e r a l  (prev ious ly  mentioned) c o r r e c t i v e  attempts.  

Again, we  a t t r i b u t e  this  convergence f a i l u r e  t o  i n s t a b i l i t y  of  the 

flow. 

Figure 19  shows t h e  d is turbance  stream funct ion  va lue  t o  

cont inue t o  decrease with downstream d i s t a n c e  as t i m e  progresses  

f o r  a Reynolds number of  1000 and 100,000, t h e  l a t t e r  f o r  an 

amplitude of  0.1. The s o l u t i o n  f o r  the progress ing  d is turbance  

stream funct ion  a t  a Reynolds number of  3000 remains a t  approximatly 

the same magnitude between Figures  1 7  and 19. Once again, as shown 

i n  Figure 20, the d is turbance  v o r t i c i t y  reflects the observat ions 

made f o r  the d is turbance  stream funct ion.  

The p a t t e r n s  of the stream funct ions  a t  Reynolds numbers of  

1000 and 3000, Figure 19,  are now seen t o  d i f f e r  over most of t h e  

reg ion  downstream of the dis turbance.  The p l o t  a t  a Reynolds 

number of  100,000 (Am = 0.1) i s  again d i s s i m i l a r  from t h e  o the r  

p l o t s .  Figure 20, for the v o r t i c i t y ,  shows the same type of  

r e s u l t s .  



CHAPTER V. SUMMARY ANI) CONCLUSIONS 

The f e a s i b i l i t y  of a numerical technique t o  determine t h e  

response of  P o i s e u i l l e  p ipe  flow t o  a given d is turbance  has been 

demonstrated. T h i s  problem has been treated experimental ly  many 

t i m e s  wi th  wel l - subs tan t ia ted  r e s u l t s .  Heretofore,  however, no 

one had ever been able t o  show t h e  i n s t a b i l i t y  of  P o i s e u i l l e  

p ipe  flow t o  a dis turbance,  be it a s m a l l  d i s turbance  o r  a large 

dis turbance.  

The r e s u l t s  of  t h e  preceding chapter  demonstrate t ha t  t h e  

numerical approach contained h e r e i n  does y i e l d  a stable s o l u t i o n  

t o  an axisymmetric d i s turbance  of the form f ( R , , Z , , t n )  = (1.0). 

(- '' - R,4 ) s inr r t  T h e  stream func- 

t i o n  d is turbance  is  seen t o  decay with downstream a x i a l  d i s t ance  

for t h i s  example. 

a t  a Reynolds number of  1000. 2 T  n 

A t  a Reynolds number of 3000 and a d is turbance  amplitude of  

1.0, t h e  d is turbance  streani func t ion  is no t  seen t o  decay w i t h  

i nc reas ing  downstream dis tance ;  however, no growth of  t h e  d i s t u r -  

bance stream funct ion  i s  noted either. T h i s  Reynolds n d e r  cal- 

c u l a t i o n  s e e m s  t o  be n e u t r a l l y  stable. 

For a Reynolds number of  10,000, the same dis turbance  func- 

t i o n  w a s  found n o t  t o  decay b u t  w a s  carried downstream w i t h  

s l i g h t l y  increas ing  amplitude. This r e s u l t  f a i l e d  t o  m e e t  our 
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s t a b i l i t y  c r i t e r i o n  c i t e d  i n  Chapter I, i,e.,  i f  the amplitude 

of  the d is turbance  stream funct ion  decays wi th  downstream a x i a l  

d i s tance ,  then the flow i s  deemed s t a b l e  t o  the d is turbance  a t  

the given Reynolds number, 

A t  a Reynolds number of  100,000 and a d is turbance  amplitude 

of 1.0, the stream funct ion  d is turbance  w a s  a l s o  amplif ied w i t h  

downstream axial d is tance .  This is  d e f i n i t e l y  an uns t ab le  condi- 

t i o n  according t o  the c i t e d  c r i t e r i o n .  

The four  examples f o r  w h i c h  r e s u l t s  have been c i t e d  w e r e  

a l l  f o r  a d is turbance  amplitude of  1.0 which is ,  of  course,  a 

f in i te -ampl i tude  d is turbance ,  The r e s u l t s  of these ca l cu la t ions  

have been cons i s t en t  w i t h  w h a t  is expected from the phys ica l  

problem f o r  the same condi t ions .  To examine w h a t  would happen 

f o r  a small-amplitude d is turbance ,  we considered a flow w i t h  

Reynolds number of 100,000 and a d is turbance  amplitude of 0.1. 

W e  found fo r  th i s  case that  the d is turbance  w a s  d e f i n i t e l y  damped 

as it progressed downstream, 

All of the r e s u l t s  c i t e d  are c o n s i s t e n t  wi th  experiment f o r  

the corresponding Reynolds numbers and amplitudes,  P a r t i c u l a r s  

of t h e  so lu t ions  follow: 

On the basis of prel iminary,  s h o r t  computer runs,  it w a s  

found that ,  t o  in su re  numerical s t a b i l i t y  and improve accuracy of  

the so lu t ion ,  an equa l ly  spaced g r i d  w a s  necessary f o r  the solu- 

t i o n  of the f in i t e -d i f f e rence  equations.  
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For the d is turbance  used, a flow f i e l d  of 14  r a d i i  appears 

t o  be of  s u f f i c i e n t  l eng th  t o  r ep resen t  an " i n f i n i t e t t  l eng th  

f o r  the t i m e s  covered by these ca l cu la t ions .  Double-precision 

arithmetic w a s  found t o  improve the s t a b i l i t y  of t h e  so lu t ion  and 

speeds the convergence as w e l l  as reducing t o t a l  computing t i m e .  

For a l l  Reynolds numbers and t i m e s  t h e  f in i te -ampl i tude  

d is turbance  stream funct ion  showed more damping toward the w a l l  

and more growth toward the c e n t e r l i n e  with axial d i s t ance  down- 

stream of t h e  dis turbance.  A t  h igh  c a l c u l a t i o n  t i m e s  a t  an am- 

p l i t u d e  of 1.0, we observe s t rong  p a t t e r n  r e s e a l a n c e  between 

the so lu t ions  a t  Reynolds numbers of 3000, 10,000 and 100,000 

(amplitude 1.0) b u t  d i s s imi l a r  p a t t e r n s  a t  Reynolds numbers of 

1000 and 100,000 (amplitude 0.1). T h e  amplitudes of the d i s t u r -  

bance stream funct ions  and v o r t i c i t i e s  a t  Reynolds numbers of 

3000, 10,000 and 100,000 (amplitude 1.0) are again s i m i l a r  b u t  

they are d i f f e r e n t  f r o m  those  a t  va lues  of 1000 and 100,000 

(amplitude 0.1) .. W e  found, con t r a ry  t o  the r e s u l t s  of  Dixon and 

o the r s ,  that  the stream funct ions  and v o r t i c i t i e s  a t  Reynolds 

numbers of  10,000 and 100,000 show d e f i n i t e  ampl i f i ca t ion  w i t h  

d i s t ance  downstream of  the d is turbance  w h i l e  they show d e f i n i t e  

damping a t  va lues  of 1000 and 100,000 (amplitude 0.1). The cal- 

cu la t ion  a t  a Reynolds number of 3000 showed no decay o r  ampli- 

f i c a t i o n  w i t h  downstream dis tance .  
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I n  conclusion, we say  that  P o i s e u i l l e  pipe flow is uns t ab le  

t o  an axisymmetric d is turbance  of the form f (R, ,Z, #tn) = (1.0). 

(- R? - Rf ) sin&, at Reynolds numbers of 10,000 and lOO,OOO is 
2 - 4 -  

stable a t  a Reynolds number of  1000 and i s  n e u t r a l l y  stable a t  

3000. When the d is turbance  amplitude is changed from 1.0 t o  0.1 

a t  a Reynolds number of lOO,OOO, we found that  the flow w a s  stable. 
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ERRORS IN THE USE OF NONUNIFORM MESH SYSTEMS 

INTRODUCTION 

Numerical ' s t u d i e s  of  fluid-dynamics problems a r e  q u i t e  o f t e n  

concerned w i t h  f low around s o l i d  bodies  where f a i r l y  l a r g e  velo- 

c i t y  g r a d i e n t s  a r e  encountered. I n  the v i c i n i t y  of  t h e  body, it 

is o f t e n  convenient t o  use a mesh system which i s  smaller  than the 

mesh system imposed over m o s t  of t h e  flow f i e l d  and which might 

even be a nonsquare mesh system. Examples of t h i s  approach a r e  

seen i n  t h e  s t u d i e s  of m i t a k e r  and Wendel [l] and Thoman and 

Szewcyzk [2]. This s tudy  is  concerned w i t h  a comparison of the 

numerical error t h a t  a r i s e s  i n  the s o l u t i o n  of t h e  Navier-Stokes 

equat ions  when a nonsquare, nonuniform mesh system is used. This 

t ype  of problem is of  i n t e r e s t  because the v e l o c i t y  (or v o r t i c i t y  

or stream funct ion)  can change r a t h e r  s h a r p l y  and t h e  e f f e c t  of 

the change is m o r e  pronounced i n  c e r t a i n  r eg ions  than i n  o the r  re- 
\ 

gions.  Therefore, it i s  f e l t  t h a t  by increas ing  the d e n s i t y  of  the 

mesh p o i n t s  i n  the reg ions  of g r e a t e s t  change, a marked improvement 

i n  the o v e r a l l  accuracy of the s o l u t i o n  could be e f f e c t e d  w i t h o u t  

t h e  expense of increas ing  t h e  d e n s i t y  of  the g r i d  system every- 

where. 
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The problem chosen for s tudy  is  t h a t  of P o i s e u i l l e  f l o w  i n  a 

p ipe  f o r  which t h e r e  is  a well-known exac t  s o l u t i o n  (see Sch'lichting 

131). This  example a r o s e  during an i n v e s t i g a t i o n  t o  determine 

numerical ly  t h e  onse t  of tu rbulence  i n  P o i s e u i l l e  pipe flow. The 

mathematical problem cons i s t ed  of  axisyrnmetrically per turb ing  t h e  

P o i s e u i l l e  v e l o c i t y  d i s t r i b u t i o n  a t  some po in t  i n  t h e  p ipe  (see 

flrowder and Dalton [ 4 ] ) .  Since t h e  pe r tu rba t ion  is expected t o  

genera te  s i g n i f i c a n t  g r a d i e n t s  of *he v o r t i c i t y  and t h e  stream 

funct ion ,  it was f e l t  d e s i r a b l e  t o  use a denser mesh system i n  t h e  

v i c i n i t y  of  t h e  pe r tu rba t ion  a s  w e l l  a s  on t h e  boundaries.  

denser mesh system should allow for a more accurq te  r ep resen ta t ion  

of both  t h e  v o r t i c i t y  and t h e  stream funct ion .  I n  checking t h e  

c a l c u l a t i o n  procedure f o r  t h e  per turbed flow, it was not iced  t h a t  

varying numerical errors w e r e  obtained f o r  t h e  unperturbed solu-  

t i o n  when var ious  nonuniform, nonsquare g r i d  r ep resen ta t ions  w e r e  

used. 

, 
i\ 

The 

I n v e s t i g a t i o n  of t h e  l i t e r a t u r e  f o r  nonuniform mesh systems 

showed t h e  following: For a uniform mesh system, Young [SI g ives  

the error t e r m  for a second p a r t i a l  d e r i v a t i v e  a s  behaving l i k e  

(ha/4)a4U/ax*, where h i s  t h e  uniform mesh spacing i n  t h e  x d i r e c -  

t i o n .  Young then  g i v e s  a d i f f e r e n c e  r ep resen ta t ion  f o r  t h e  same 

second d e r i v a t i v e  over a nonuniform mesh system, i .e. ,  when t h e  

mesh spacing goes l i k e  h on one s i d e  of t h e  g r i d  po in t  i n  ques t ion  

and l i k e  s h  (0 < s s 1) on t h e  o t h e r  s i d e .  However, no error t e r m  
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is given for the nonuniform mesh case. Analysis of the error in- 

volved yields that the error term goes like (1 - s)(h/3)a3u/ax3. 
Hence, a lower order error in h is introduced for a nonuniform 

mesh system than for a uniform mesh system. It is also noted that 
a4 u is significantly greater than 4. for some physical problems - as u 

ax3 ax 

Hence, we choose to solve the problem of unperturbed Poiseuille 

pipe flow in order to obtain comparisons of the effect of the grid 

system on the accuracy of the finite-difference approximations to 

the Navier-Stokes equations. 
\I 

GOVERNING DIFFERENTIAL EQUATIONS 

A nondimensional axisymmetric form Oi the Navier-Stokes equa- 

tions for viscous8 incompressible flow in a circular pipe is 

Gt - F z r r  (') -I- r = y(& R r  (rG)r) r + GZz 1 
and 

where G is the vorticity8 F is the stream function, and R is the 

Reynolds Number. The Reynolds Number is a parameter and is given 

- 
where W is the average axial velocity component, D is the pipe di- 

ameter and v is the kinematic viscosity of the fluid. 
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The boundary cond i t ions  f o r  t h e  above d i f f e r e n t i a l  equat ions  

are : 

G = 2 r ,  F, = 0 on z = 0, ( 3 4  

G = F  = O o n z = L ,  (333) 

G = F = 0 on r = 0, (3c)  

(3d) 

2 zz 

F = 0, F = 0.25, G = - -  (F - %) on r = 1, r r rr r 

-where z = 0 is t h e  upstream boundary, z = L is  t h e  downstream 

boundary, r = 0 i s  t h e  c e n t e r l i n e  of t h e  p ipe ,  and r = 1 is  t h e  

. _ -  - 

wal l  of t h e  p ipe ,  The i r & t i a l  cond i t ions  of t h e  problem a r e  given 

(4d 
for ' I . *  O S r s l ,  * 

and 

G = Zr. i4b) 

With t h e  above boundary and i n i t i a l  cond i t ions ,  equat ions (3 )  and 

(4 ) ,  equat ions  (1) and (2 )  admit t o  an a n a l y t i c  so lu t ion ,  

and 

' G = 2 r .  (5b) 

This  a n a l y t i c  s o l u t i o n  Is t h e  s t eady  f l a w  s o l u t i o n  t o  t h e  above 

problem. Since w e  know t h i s  so lu t ion ,  we can use  it as a comparison 

t o  determine t h e  accuracy of t h e  numerical  procedures used t o  so lve  

the mixed boundary - in i t i a l  va lue  problem. 
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For a d e r i v a t i o n  of the governing equat ions ,  see Sch l i ch t ing  

[ 3 ] .  For a d i s c u s s i o n  of t h e  boundary cond i t ions  see Crowder and 

Dalton [ 4 ] .  

DIFFEMNCE EQUATIONS 

The s o l u t i o n  of the d i f f e r e n t i a l  equat ions  is  obtained by t h e  
-_-- -- 

u s e  of t h e  method of f i n i t e  d i f f e r e n c e s .  For t h i s  technique,  a 

n e t  of g r i d  p o i n t s  i s  introduced onto  t h e  r eg ion  upon which t h e  so- 

l u t i o n  is t o  be found. W e  have chosen n o t  t o  use  equa l ly  spaced 

g r i d  p o i n t s ,  t h e r e f o r e  ahy func t ion  Q is  given by  

where 
i 

r = C A r m ,  A r l  = 0,  1 S i 5 Imax (0 < ri l), i m = l  

z = f, Azm, Azl = 0, 1 s j S Jmax (0 < z 5 L), 
j m = l  j 

and 

- n - A t z m ,  (0 5 t g T ) .  ( 6 ~ )  
. '8 At2m + 1 n t = C At,, A t o  = 

n m=O 

For t h e  above g r i d ,  c e n t r a l  d i f f e r e n c e s  i n  space a r e  used while  

forward d i f f e r e n c e s  i n  t i m e  a r e  used. 
\ 

The o p e r a t o r s  which we  w i l l  

use a r e  def ined  a s  follows: 

1 Azj+l 'n [- A Z  i, j-1 
j 

- - n ' Z = ( ' i , j )z  Azj + 



and 

1 n  2 [c 'i, j-1 

A z *  3 + Azj+l j 

rr H 

1 A r i  A r i  n 
%+18 j Ari+j  

+ - 
+ (Ari+l A r i  Ari+l 

2 
i-1, j 

- - n 
= (Hi8j)rr  A r i  + A r i + l  

-e+ i Ari+l -> g i 8 j  Ar i+l 'i+18 " I  j 
1 + 1 

, 
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Using equat ion  (7 )  allows equat ion  

n + l #  k+l 
r i 'k Fi8j 

and 

( 2 )  t o  be approximated by  

- n+i ,k+i  + 

r i 
- 

'k Fi8j 

i n  equat ion (8) a r e  analogous t o  t h e  'k' The m u l t i p l i e r s ,  

Wachpress-Goode parameters.  The Wachpress-Goode parameters a r e  
\ 

der ived  f o r  Laplace ' s  equat ion  on a square 

where a and b a r e  r e s p e c t i v e l y  t h e  m a x i m u m  

of t h e  ope ra to r  mat r ix  a s soc ia t ed  wi th  t h e  

r eg ion  and a r e  given by 

and minimum eigenvalues  

d i f f e rence  equat ions 

which approximate the Laplacian d i f f e r e n t i a l  equat ion on a square,  

equa l ly  spaced g r i d  (see Varga 161). Since our d i f f e r e n t i a l  equa- 

t i o n  is  not  t h e  Laplacian and we a l low our g r i d  t o  be unequal ly  

spaced b u t  r ec t angu la r  over the axisymmdtric flow f i e l d ,  then no 

a n a l y t i c  de r iva t ion  of the va lues  which p 

.able .  Nevertheless ,  if we use  t h e  above formulat ion for t h e  p 

for our  problem, we f i n d  t h a t  t h e  maximum and minimum eigenvalues  

should have a r e  a v a i l -  k 

k 

of t h e  ope ra to r  mat r ix  f o r  t h e  r a d i a l  d e r i v a t i v e s  are always l a r g e r  

and smal le r ,  r e spec t ive ly ,  than those  f o r  the ope ra to r  mat r ix  f o r  
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the axial derivatives. Therefore a and b are taken as the maximum 

and minimum eigenvalues of the operator matrix for the radial de- 

rivatives, 

choice of a and b that use of five parameters for the iteration 

Numerical experimentation also showed that with this 

was optimal. The actual values of the p used in the calculations 

are given in Table 1. Again, using equation (7 )  allows equation 

k 

(1) to be approximated by 

and 

n+l 1 n+l 1 n+l 
+ [k (Fi,j)z + -1 riR (Gi8 j>r + 'ii (Gi, j)rr, 

1 

where we allow the time step, At,, to vary from step to step in 

the solution process subject to the restriction 

6 

The time step is used as a parameter to speed the iteration pro- 

cess and to insure convergence. The time step is selected such 

that the average number of iterations for the solutions at the 
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TABLE 1 

Grid 

I 

and 

I11 

IV 

and 

V I  

V 

for use in equation (8) 'k 

'k 

14.4554279116205 

45.5195753385026 

143.339356791502 

451.370010651717 

1421.34645414991 

14.4366669994227 

46.5707761839117 

150.231157542023 

484.625822152668 

1563.33873305511 

14.6371115664442 

46.5190382231239 

147.844805813021 

469.874000856377 

1493.33333333333 

14.5031251532618 

33.1157808959826 

75.6150783201431 

172.656054444876 

394.235036169115 



14 3 

2m + 1 and 2m + 2 times t o  converge is kept near  a minimum. 

For t h e  d e r i v a t i v e s  involved i n  the boundary cond i t ions ,  we  

use  t h e  d i f f e r e n t i a t e d  Lagrangian i n t e r p o l a t i o n  formulas t o  o b t a i n  

their  f i n i t e - d i f f e r e n c e  r e p r e s e n t a t i o n  

and 

n = 2 r  8 Gi,l i 

n 
( G i , ~ m a x  1 z = 0, 

n (Fi,Jmax ) z z  ’ =  0, 

n = 0 .25  F~max j 

n = 0 ,  (F~max 8 j ? r 
The i n i t i a l  cond i t ions  a r e  given by  

GO = 2ri  
i,j 

and 
1 1 
2 i  4 i  

= - - - r4*  

(12e) 

(12i)  

The d i f f e r e n c e  equat ions ,  equat ions ( 8 )  and (lo), a r e  solved on var ious  

g r i d s ,  s p e c i f i e d  l a t e r ,  s u b j e c t  t o  t h e  boundary and i n i t i a l  condi- 
, 
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t i o n s ,  equat ions  (12) and (13). The method of s o l u t i o n  used is an 

adap ta t ion  of  the Al t e rna t ing  Di rec t ion  I m p l i c i t  Method of Peaceman 

and Rachford given by Young [5] . 
Before expla in ing  the c a l c u l a t i o n  procedure,  w e  set forward 

the convergence tests t h a t  a r e  appl ied .  For t h e  s t ream.funct ion  

we  .used 

where m is  the number o f  p values  used i n  the i t e r a t i v e  procedure 

and k is t h e  stream-function i t e r a t i o n  counter .  W e  chose E: such f 

t ha t  c f  2 1.0 x loe5 

The tests used 

* 

f o r  convergence o f  the v o r t i c i t y  a r e  

n 8 C 1  5 E i # Imax, n , C+l - G i 8 j  

and 

111 equat ions  (14) and (15) C is  the v o r t i c i t y  i t e r a t i o n  counter .  

Equation (15a) w a s  used where i < Imax and equat ion (15b) was used 

, and t h a t  6 2 G a t  f when i = Imax. W e  demanded t h a t  f: = 2e 

a l l  i t e r a t i o n s .  
’b ’i ’ i 

The s o l u t i o n  t o  the d i f f e r e n c e  equat ions is accomplished 

i t e r a t i v e l y  by first advancing the v o r t i c i t y  using equat ions ( loa )  

and ( lob )  for a l t e r n a t e  t i m e  s t e p s .  Then equat ion (8) i s  i t e r a t e d  

t o  convergence and the v o r t i c i t y  is r e c a l c u l a t e d  on t h e  b a s i s  of 
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the updated stream funct ion .  This  sequence is  continued u n t i l  t h e  

v o r t i c i t y  converges. Then the process  is  begun aga in  w i t h  t h e  a l -  

t e r n a t e  equat ion ( loa )  and/or ( lob)  f o r  the next  t i m e  s t e p .  

GRID SYSTEM 

The n o t a t i o n  used for spec i fy ing  a g r i d ,  (a ,  b, c ) ,  means t h a t ,  

s t a r t i n g  a t  p o s i t i o n  a ,  increment by  c u n t i l  b is  reached. The 

g r i d s  which we  w i l l  compare a r e  the following: 

Grid I 

Grid I1 

G r i d  I11 

Grid I V  

Grid V 

Grid V I  

r = (0.0, 1.0, 0.05) i 
z = (0.0, 5.0, 0.1) 
j 

i .  

j 

r = (0.0, 1.0, 0.1) 

z = (0.0, 5.0, 0.1) 

z = (0.0, 5.0, 0.05) 

r = (0.0, 1.0, 0.05) i 

j 
G r i d s  I, 11, and I11 w e r e  used because they  g ive  a dense g r i d  

and/or the f l o w -  system i n  the reg ion  of the d is turbance  func t ion  

f ield boundaries.  Grid I V  g i v e s  an a d d i t i o n a l  d e n s i t y  i n  t h e  r a d i a l  
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d i r e c t i o n ,  which i s  the d i r e c t i o n  of  m o s t  u n c e r t a i n t y  i n  t h e  d i f -  

f e r ence  approximations.  

Gr ids  V and V I  f u r n i s h  comparisons of t h e  r e s u l t s  on square 

g r i d s  a s  w e l l  a s  an e s t i m a t e  of  t h e  g r id - s i ze  convergence. 

The problem which was of major i n t e r e s t  t o  t h e  au tho r s  was 

t h e  s t a b i l i t y  of  P o i s e u i l l e  p ipe  flow. For t h i s  problem it seemed 

d e s i r a b l e  t o  have a denser  mesh system i n  t h e  v i c i n i t y  o f  t h e  po in t  

a t  which t h e  d i s tu rbance  is  app l i ed  (r = 0.6, z = 2 .0 ) .  Therefore,  

t h i s  is  t h e  common p rope r ty  of t h e  nonuniform g r i d s .  I n  order  t o  

c u t  computation t i m e  it '\is a l s o  d e s i r a b l e  t o  keep t h e  number of 

mesh p o i n t s  t o  a minimum so t h e  g r i d s  a r e  made a s  spa r se  a s  poss ib l e .  

The experimental  error a n a l y s i s  of  t h e  s o l u t i o n  of t h e  d i f f e r -  

ence equat ions  on t h e  above g r i d s  which we  present  is shown f o r  

bo th  s ingle-and double-precision c a l c u l a t i o n s  of  t h e  s o l u t i o n  f o r  

each g r i d .  W e  d e f i n e  t h e  errors e ( F )  and e ( G )  a t  any g r i d  po in t  by 

e(Fi .) = (Fi - Fi)/fi 
8 3  

where and 5 a r e  t r u e  s o l u t i o n s  given by equat ion (5) and F and G 

are c a l c u l a t e d  from equat ions  ( 8 )  and (10) w i th  boundary and i n i t i a l  

cond i t ions ,  equat ions  (12)  and (13). 

The r e l e v a n t  q u a n t i t i e s  for comparison a r e  



and 

Imax-1 1 
e x ( G )  = - 

Nl  
i=l j 

1 
e g ( G )  = - Jmax 

(17c) 

where N = (Imax)(Jmax) and Nl = N - Jmax. The absence of  l i m i t s  

on t h e  summation impl ies  summing over  t h e  range of  t h e  index. 

RlESULTS 

The s o l u t i o n  t o  equat ions (8) and (10) was obtained a t  four  

consecut ive t i m e  s t e p s  f o r  each g r i d  system. The e r r o r s ,  a s  spec i -  

f i e d  by equat ion ( 1 7 ) ,  a t  each of  t hese  t h e  s t e p s  a r e  presented i n  

Tables 2-58 ( t h e  second number i n  each column is  the  power of 10 

which should mul t ip ly  t h e  f i r s t  number i n  order  t o  ob ta in  t h e  t r u e  

va lue )  which show t h a t  Grid I1 is t h e  best of  t h e  nonuniform Grids  

I, I1 and I11 and t h a t  Grid I is  t h e  worst mesh system t e s t e d  based 

on a comparison of t h e  e r r o r s .  The mesh systems with uniform g r i d  

spacing 

Grids  I, 

Grid V I  8 

boundary 

Grids  I V ,  V and V I ,  are a l l  s i g n i f i c a n t l y  better than 

I1 and 111. The g r i d  system with 0.05 square spacing, 

g ives  a better r ep resen ta t ion  of t h e  stream funct ion and 

v o r t i c i t y  than was obtained from Grid I V ,  t h e  uniformly 

spaced, nonsquare mesh system. However, Grid I V  g ives  a better 

r ep resen ta t ion  of t h e  i n t e r i o r  v o r t i c i t y  than does Grid V I .  The 
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g r i d  system wi th  0.1 square spacing,  Grid V, has less e r r o r  f o r  a l l  

t i m e s  shown a s  seen i n  Tables 2-5; t h i s  is t r u e  f o r  bo th  s i n g l e  and 

double p rec i s ion .  The o v e r a l l  v o r t i c i t y  va lues  a r e  seen t o  have t h e  

l e a s t  error f o r  bo th  s i n g l e -  and double-precis ion computation on 

Grid V f o r  t h e  t h r e e  g r e a t e s t  t i m e  values  a s  seen i n  Tables 3-5. 

Grid VI has t h e  l e a s t  error f o r  bo th  s ing le -  and double-precis ion 

c a l c u l a t i o n  of t h e  i n t e r i o r  v o r t i c i t y  f o r  a l l  t i m e  l e v e l s  shown. 

However, t h e  e r r o r  i n  boundary v o r t i c i t y  f o r  Grid VI is  g r e a t e r  than 

t h a t  f o r  Grid V. Therefore ,  we  rank t h e  g r i d  systems i n  order  of  

increas ing  preference  from t h e  s tandpoint  of errors produced i n  

t h e  s o l u t i o n s  a s  fol lows:  I ,  111, 11, IV, VI, and V. Also due t o  

\ 

- 

the  magnitude of t h e  change i n  t h e  e r r o r s ,  it is evident  t h a t  use 

of- double-precis ion c a l c u l a t i o n s  f o r  t h e  nonuniform g r i d s ,  Grids  I ,  

I1 and 111, e f f e c t s  no apprec iab le  improvement i n  t h e  accuracy of  

t h e  s o l u t i o n .  For t h e  uniform g r i d s ,  Grids  I V ,  V and VI, double- 

p r e c i s i o n  c a l c u l a t i o n s  show an improvement cons i s t en t  with t h e  

increased number of a v a i l a b l e  d i g i t s  f o r  t h e  computation. 

The inc rease  i n  t h e  e r r o r  of t h e  boundary v o r t i c i t y  over t h e  

i n t e r i o r  v o r t i c i t y  obta ined  i n  a l l  of t h e  s o l u t i o n s  is expected. 

Since t h e  value of  t h e  boundary v o r t i c i t y  is ca l cu la t ed  by d i f f e r -  

encing t h e  s t ream funct ion ,  any errors i n  t h e  stream funct ion  a r e  

magnified i n  t h e  va lue  obtained f o r  t h e  boundary v o r t i c i t y .  This  

magni f ica t ion  is  an inve r se  func t ion  of s t e p  s i ze  i n  t h e  r a d i a l  

d i r e c t i o n .  Therefore,  t h e  errors i n  t h e  values  of t h e  boundary 



149 

Grid 
System 

I s* 
I D** 

I1 s 
I1 D 

I11 s 
I11 D 

IV s 
IV D 

v s  
V D  

VI s 
VI D 

1.815 -3 

1.819 -3 

3.240 -3 

3.245 -3 

3.240 -3 

3.245 -3 

-1.232 -5 

-5.564 -15 

-3.211 -6 

-1.739 -15 

-1.492 -5 

-4.248 -15 

-1.041 -2 

-1.045 -2 

-4.216 -3 

-4.272 -3 
\ 

-4.227 -3 

-4.278 -3 

4.385 -5 

1.601 -14 

1.930 -6 

-2.086 -14 

TABLE 2 

Mean Relative Error 
Time Step 1 
Time 0.01 

4.991 -5 

1.562 -14 

- 
e1 (a 

-4.859 -5 

-4.815 -5 

-1.996 -5 

-1.953 -5 

-2.002 -5 

-1,955 -5 

-4.288 -7 

-6.432 -17 

-6,908 -7 

-1.010 -16 

-4.278 -7 

-7.876 -17 

- .1451 
- -1457 
-6.716 -2 

-6.807 -2 

-6.734 -2 

-6.816 -2 

9.293 -4 

3.376 -13 

-1.432 -5 

-2.193 -14 

1.057 -3 

3.297 -13 

* S indicates single-precision calculation 

** D indicates double-precision calculation 
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TABLE 3 

Grid 
System 

I s *  
I D** 

I1 s 
I1 D 

I11 s 
I11 D 

IV s 
IV D 

v s  
V D  

VI s 
VI D 

- 
e (F) 

- -  

1.808 -3 

1.813 -3 

3.236 -3 

3.242 -3 

3.236 -3 

3.242 -3 

-1.242 -5 

-5.504 -15 

-3.584 -6 

-1.744 -15 

-1.484 -5 

-4.281 -15 

Mean Relative Error 

Time Step 2 

T h e  0.02 

-1.015 -2 -9.736 -5 

-1.020 -2 -9.651 -5 

-4.103 -3 -3.993 -5 

-4.157 -3 -3.914 -5 
\ 

-4.113 -3 -4.007 -5 

-4.162 -3 -3.924 -5 

4.308 -5 -9.236 -7 

1.595 -14 -1.083 -16 

-5.065 -7 -1.244 -6 

8.332 -16 -2.201 -16 

4.593 -5 8.741 -7 

1.510 -14 -1.498 -16 

- .1408 
- .1415 
-6.505 -2 

-6.592 -2 

-6.520 -2 

-6.601 -2 

9.232 -4 

3.372 -13 

6.872 -6 

1.137 -14 
1 

9.819 -4 

3.201 -13 

* S indicates single-precision calculation 

** D indicates double-precision calculation 
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TABLE 4 

Grid 
System 

I s* 
I D** 

I1 s 
I1 D 

I11 s 
I11 D 

IV s 
IV D 

v s  
V D  

VI s 
VI D 

Mean Relative Error 

T h e  Step 3 

Time 0.031 

1.801 -3 -1.017 -2 

1.886 -3 -1.007 -2 

3.233 -3 -4.057 -3 

3.238 -3 -4.099 -3 
*. 

3.233 -3 -4.065 -3 

3.238 -3 -4.105 -3 

-1.308 -5 4.197 -5 

-5.545 -15 1.596 -14 

-4.646 -6 -6.380 -7 

-1.765 -15 5.457 -16 

-1.493 -5 4.540 -5 

-4.374 -15 1.395 -14 

eI (GI 

-1.488 -4 

-1.467 -4 

-6.076 -5 

-5.948 -5 

-6.100 -5 

-5.966 -5 

-1.438 -6 

-1.608 -16 

-1.882 -6 

-3.315 -16 

-1.310 -6 

-2.305 -16 

eB (GI 

- .1404 
- -1391 
-6.400 -2 

-6.470 -2 

-6.412 -2 

-6.478 -2 

9.102 -4 

3.384 -13 

1.180 -5 

9.317 -15 

9.796 -4 

2.975 -13 

* S indicates single-precision calculation 

** D indicates double-precision calculation 
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TABLE 5 

Grid 
System 

Mean Relative Error 

Time Step 4 

Time 0.042 

I s" 1.794 -3 -9.901 -3 -2.003 -4 

I D** 1.800 -3 -9.942 -3 -1.971 -4 

I1 s 3.230 -3 -3.993 -3 -8.159 -5 

I1 D 3.235 -3 -4.042 -3 -7.989 -5 
\ 

I11 s 3.229 -3 -4.067 -3 -8.187 -5 

I11 D 3.235 -3 -4.047 -3 -8.012 -5 

IV s -1.359 -5 4.088 -5 ' -1.921 -6 

IV D -5.559 -15 1.570 -14 -1.889 -16 

v s  -4.543 -6 -1.130 -6 -2.455 -6 

V D  -1.781 -15 -4.780 -16 -4.236 -16 

VI s -1.534 -5 4.914 -5 -1.723 -6 

VI D -4.359 -15 1.467 -14 -3.110 -16 

* S indicates single-precision calculation 

- .1360 
- -1366 
-6.266 -2 

-6.347 -2 

-6.385 -2 

-6.355 -2 

8.968 -4 

3.335 -13 

3.698 -5 

9.493 -15 

1.066 -3 

3.142 -13 

** D indicates double-precision calculation 
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v o r t i c i t y  a r e  seen t o  be c o n s i s t e n t  wi th  t h e  g r i d  system used. 

The r e s u l t s  which a r e  presented  i n  Tables 2-5 could be ex- 

panded t o  show ind iv  idua 1 e r r o r s  a t  g r i d  p o i n t s ,  or t o  show e r r o r s  

f o r  each g r i d  l i n e  b u t  t h i s  is unnecessary s i n c e  t h e  va lues  pre- 

sen ted  a r e  i n d i c a t i v e  of t h e  r e s u l t s  everywhere. 

The reason t h a t  t h e  i n t e r i o r  mean v o r t i c i t y  increases  with 

t i m e  i s  t h a t  t h e  errors i n  the  boundary v o r t i c i t y  a r e  spread in-  

ward s lowly a s  t h e  s o l u t i o n  progresses .  For t i m e  s t e p  1 t h e  p o i n t s  

a t  which t h e  v o r t i c i t y  is  s i g n i f i c a n t l y  i n  error a r e  on t h e  bound- 
\ 

a r y  only.  A t  t i m e  s t e p  4, t h e  next  two i n t e r i o r  g r i d  l i n e s  a l s o  

show no t i ceab le  e r r o r  i n  t h e  v o r t i c i t y .  Table 6 shows t h e  com- 

put ing t i m e  expended t o  c’alculate t h e  s o l u t i o n s  f o r  the four  t i m e  

s t e p s  presented  i n  Tables 2-5. 

The sequence of t i m e s  obtained f o r  either s i n g l e -  o r  double- 

p rec i s ion  c a l c u l a t i o n s ,  using the same convergence c r i t e r i a ,  is  

as  expected s i n c e  t h e  t i m e  requi red  t o  compute t h e  s o l u t i o n  in-  

c r eases  with an increas ing  number of  g r i d  po in t s .  However, when 

we compare t h e  t i m e s  involved between s ing le -  and double-precision 

c a l c u l a t i o n s ,  we no te  t h a t  double-precis ion c a l c u l a t i o n  t akes  less 

t i m e  f o r  G r i d  V than does s ing le-prec is ion .  T h i s  i s  the reverse 

of what happens f o r  a l l  t h e  o the r  g r i d s .  Therefore ,  from t h e  

s tandpoint  of computation t i m e  involved i n  the c a l c u l a t i o n ,  t h e  

g r i d s  a r e  ranked i n  increas ing  order  of  preference  a s  VI, 1x1, IV, 

11, I and V f o r  s ing le-prec is ion  and a s  VI., IV, 111, 11, I and V 
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_ -  TABLE 6 

Computation Time in Minutes 

Grid I I1 I11 IV V VI - 

1.16 1.38 1.51 1.48 095 2.79 Single 
_. - Precis ion 

1.22 1.54 1.60 1.72 -83 3.32 Double 
Precision 
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for double-precision calculation. Hence, the preferred grid system 

from this standpoint is Grid V with double-precision calculations. 

SUMMARY 

On the basis of the results obtained, we conclude that calcu- 

lation of the stream function and vorticity for Poiseuille pipe 

flow is most accurately and efficiently accomplished using double- 

precision calculations on Grid v, a square, equally spaced mesh 

system of 0.1 grid size. This result is in direct contrast with the 

original hypothesis set out in the introduction, i.e.8 that non- 

uniform and nonsquare grids should allow an increased accuracy in 

the representation of the vorticity and stream function. 
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